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Introduction

The TDDFT idea

General DFT idea

Map a system of N interacting particles onto one with N
noninteracting particles

V(i) = {a(M} (i=1,---,N)

@ Time-independent formalism = ground state theory (static
potential)

@ Time-dependent formalism =- excited states
(time-dependent potential)

@ Time-independent formalism fails to describe
single-particle excitations well.

@ Interaction with electromagnetic field — spectroscopy



DFT vs TDDFT — looking ahead

DFT | TDDFT
Ground state | Excited states
Hohenberg-Kohn theorem | Runge-Gross theorem
Minimum of total energy | Stationary point of the action
Stationary orbitals | Time-dependent orbitals
Stationary density | Time-dependent density
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DFT vs TDDFT

Hohenberg-Kohn theorem |

There is a one-to-one correspondence between any external
potential on the system and the resulting electron density (up to
a constant).

Two external potentials differing by more than an additive
constant

Vext () — Vaa (F) # constant

result in two different densities

n*(F) # n(F).
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Runge-Gross theorem |

There is a one-to-one correspondence between any
time-dependent external potential on the system and the
resulting time-dependent density (up to a time-dependent
constant).

Two external potentials differing by more than a time-dependent
constant

1 (= 2 (=
Vext(r>t) - Vext(r>t) 7£ C(t)
result in two different densities

ni(F,t) # n?(f,t).
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Hohenberg-Kohn theorem I

The energy can be written as a functional of the density, n(r). J

Efn] = T[] + Exln] + Exeln] + Eex[n]

universal
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Hohenberg-Kohn theorem I

The energy can be written as a functional of the density, n(r). J

Efn] = T[] + Exln] + Exeln] + Eex[n]

universal

T[n] = =33 [ 4 (NV2ai(T)
Eun] = 1 [ f 2XOn0) grgi
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Hohenberg-Kohn theorem I
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Hohenberg-Kohn theorem I

The energy can be written as a functional of the density, n(r). J

Efn] = T[] + Exln] + Exeln] + Eex[n]

universal

T[] = -3 32 [ & (NV2ai(7)
Euln) =3/ " ‘r:)”rﬁ" drdr’

Exc[n] = [ n(Mexe(n(M)dr
r)d

Eext[N] = [ Vext(F)n(F)dr




Hohenberg-Kohn theorem I

The energy can be written as a functional of the density, n(r). J

Efn] = T[] + Exln] + Exeln] + Eex[n]

universal

T = =33 [ & (NV2a(r)
Euln] = 3 [ [ "2 drdr
Exc[n] = [ n(Mexc(n(r))dr
Eext[N] = [ Vext(M)N(r)dr

n F):Ei|¢i F)!




DFT vs TDDFT

Runge-Gross Theorem Il

The action integral can be written as a functional of the
time-dependent density, n(r’ t). J

@ V is uniquely determined by the density.

A:/ttldt<\U[n] i% —I:I‘\U[n]>

where
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Runge-Gross Theorem Il

The action integral can be written as a functional of the
time-dependent density, n(r’ t).

@ V is uniquely determined by the density.
Yt (o2 -l w
A_/to t< i - ‘ [n]>

|:| :_]A—‘F\A/ee"’\?ext

where

@ The universal part this time :

B[] :A[n]+/tl dt/an(F,t)Vext(F,t)



DFT vs TDDFT

Exchange and correlation in DFT

Exchange and correlation defined as the difference between
the total energies of the interacting and noninteracting systems ’

@ The real and uncorrelated kinetic energies
Treal = <W*(F;L>F2> 7FN7t) ‘f‘w(ﬁb?z’ 7FN7t)>

T =2 i [ drei O
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Exchange and correlation in DFT

Exchange and correlation defined as the difference between
the total energies of the interacting and noninteracting systems ’

@ The real and uncorrelated kinetic energies
Treal = <W*(|7;L,F2, 7FN7t) ‘f‘w(ﬁb?z’ 7FN7t)>
u 1 d—’ * 2
TV=-3 i (MV26i(F)
i
@ The real and uncorrelated interaction energies

—’ d
Eégal /d d—*/ r_r, /d d—'/ rf)_r]r,)

Eyc = Treal . Eé(;al - Ege



Exchange and correlation in TDDFT

@ Kinetic energy analog

Su[n] = intldt <\Uw[n](t) i% _f

valnl))
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Exchange and correlation in TDDFT

@ Kinetic energy analog

Sw[n] = intdt <ww[n](t)

.0 &
=T [l
@ Interaction energy analog

th
Ereal — / / dFdVeen (T, 7', t)
0

t

1 I o
EYL = E/to /drdr’n(r,t)Vee( ,r)n(r, t)

Ascn] = EEY — Ege + Soln] — Swn]



DFT vs TDDFT

Exchange-correlation approximation

LDA ( ocal ensity pproximation)in DFT
For slow spatial variation

Excln] = [ din(P)E"n()]
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Exchange-correlation approximation

LDA ( ocal ensity pproximation)in DFT
For slow spatial variation

Excln] = [ din(P)E"n()]

ALDA ( ocal ensity - pproximation) in DFT
For slow spatial and temporal variation

Eyc[n] = / din(F, t)eom [n(F )]

No memory is retained in the density.




DFT vs TDDFT

Kohn-Sham equations in DFT

Kohn-Sham equations = minimize energy : 5E([£1)]

_§v+vextf)+/d )|+ch ¢IF)—E¢I_)

@ One-particle equations with an effective potential.
@ Solve through a self-consistent loop.



DFT vs TDDFT

Kohn-Sham equations in TDDFT

. . . . )
Kohn-Sham equations =- stationary point of action :

1 7 ,t i
_§v+vext /d r )| +ch ¢|(r t) = ¢a(t )

@ Euler-Lagrange equations
@ Solve through a self-consistent loop.
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How to calculate excitation energies

@ Begin with the Kohn-Sham wavefunctions for the occupied
ground-state orbitals : {gbi(o)(F)} = no(r)
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How to calculate excitation energies

@ Begin with the Kohn-Sham wavefunctions for the occupied
ground-state orbitals : {gbi(o)(F)} = no(F)

@ Consider perturbing potential v, (r’,t) and response ny(r, t)

@ Linear response theory — Fourier components

1(Fw) /drx w)vy (', w)

x(r,"; w) : response function
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How to calculate excitation energies

@ Replace vy (I, t) with v¥S(rt)

Ny (F,w) = /dFXKS(F,FY;w)VfS(FV,w)
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How to calculate excitation energies

@ Replace vy (I, t) with v¥S(rt)

Ny (F,w) = /dFXKS(F,FY;w)VfS(FV,w)
@ From perturbation theory

¢i ()¢5 (N) e ()i (1)

w—(é‘i—Ej)—l—i(S

XKS(F’ Fy’w) = Z(fl - fj)

i7J

(1)



Excitation energies

How to calculate excitation energies

@ Replace vy (I, t) with v¥S(rt)

Ny (F,w) = /dFXKS(F,FY;w)VfS(FV,w)
@ From perturbation theory

¢i ()¢5 (N) e ()i (1)

w— (g —¢g)+1id (1)

XKS(F’ Fy’w) = Z(fl - fJ)
i7j
@ Solve self-consistently to obtain excited energies.

@ Better than static theory because it includes dynamic
screening



Excitation energies

Shortcomings

@ Captures only single electron-hole excitations (absorption)

$1(r1,t) ¢1(i t) - ¢1(V:N,t)
() = ¢2(r.1,t) ¢2(r. t) ¢2(V:N,t)
on(r,t)  on(r2;t) on (TN, t)

@ Doesn't allow for mixing of the single electron-hole
excitation, e.g. plasmon excitations (EELS)
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