
PHYS 507 Quantum Mechanics I
Final Examination

Due: June 13, 2003, Friday, 17:30
Notes: The rules are: You are not allowed to discuss the problems or to get help from
any person. If you have questions, you can ask them to me or to İsmail Turan.

1. Consider the spin states of three spin-1
2

particles. The “uncoupled” spin states are
represented by the kets | ↑↑↑〉, | ↑↑↓〉, | ↑↓↑〉, · · · in the usual way where the first

arrow belongs to the first particle, second to second etc. Let ~S = ~S1 + ~S2 + ~S3 be
the total spin operator of the three particles. For the “coupled” states, that is the
common eigenstates of S2 and Sz we first observe that

1

2
⊗ 1

2
⊗ 1

2
=

3

2
⊕ 1

2
⊕ 1

2
,

and note that the quantum number s = 1
2

appears twice. The meaning of this is that
there are two distinct sets of states, each having two states for ms = ±1

2
. For this

reason there are four distinct states with s = 1
2
. Finally, the remaining four states

belong to the set with s = 3
2
.

(a) Consider the s = 3
2

states first. Calculate all of the states |s = 3
2
,ms〉c in terms

of the uncoupled states.

(b) Now consider the s = 1
2

and ms = 1
2

states. Since there are two of those, we
need to use another label to distinguish the two. Use α and β for this purpose
(or use another label of your own). Find the two states

|α, s =
1

2
,ms =

1

2
〉c and |β, s =

1

2
,ms =

1

2
〉c .

Apply the operator S+ to both and calculate the result. (There is obviously
some arbitrariness in the choice of these states and you can choose them in any
way you want. But make sure that they are orthogonal to each other.)

(c) Calculate

|α, s =
1

2
,ms = −1

2
〉c and |β, s =

1

2
,ms = −1

2
〉c .

Apply the operator S− to both and calculate the result. (Note that in this case
there is no arbitrariness once the choice in part (b) is made.)

(d) Suppose that the three particles are in the spin state |ψ〉 = | ↑↓↓〉. Which
values can be obtained and what are the probabilities of obtaining each if Sz is
measured?

(e) Which values can be obtained if S2 is measured in |ψ〉? What are the prob-
abilities of obtaining each and to which state does the collapse occur in each
case?
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(f) What is 〈S2〉 and ∆(S2) =
√
〈(S2)2〉 − 〈S2〉2 for the state |ψ〉?

2. An atom in a crystalline environment has two degenerate ground states denoted by
|1〉 and |2〉. A third level denoted by |3〉 is separated from these by an energy ∆.
Choosing the energy of the ground states as 0, the Hamiltonian can be expressed as

H0 = ∆|3〉〈3| .

An externally applied electric field couples the ground states directly with the third
level and the effect of the field can be considered as an additional term to the Hamil-
tonian of the form

H = H0 −∆1P

= H0 −∆1 (|3〉〈1|+ |1〉〈3| + |3〉〈2|+ |2〉〈3|)

where P is an operator which can be called dimensionless electric dipole moment and
∆1 is a number proportional to the applied electric field. In a particular experiment
the strength of the electric field is adjusted so that ∆1 = ∆. In the following consider
this particular case.

(a) What is the matrix representation of H?

(b) Suppose that the atom is in the first ground state at t = 0, i.e., |ψ(t = 0)〉 = |1〉.
Find the state |ψ(t)〉 at a later time t. In other words find the amplitudes a, b
and c where

|ψ(t)〉 = a(t)|1〉+ b(t)|2〉+ c(t)|3〉 .

(c) Calculate the probability of finding the atom in level-n at time t where n =
1, 2, 3. What is the period? What are the maximum and minimum values of
p3(t) and at which times these occur?

(d) Calculate 〈H0〉t and 〈P 〉t. From these find 〈H〉t.
(e) This time suppose that the atom is initially in the excited state, |ψ(t = 0)〉 = |3〉.

What is 〈H0〉t, 〈P 〉t and 〈H〉t?

3. Suppose that a spin-1
2

particle has an internal vector property denoted by ~V. It
does not matter what the particle is (it might be an electron, neutron, atom, ...)
and it does not matter what the vector is (it might be the magnetic dipole moment,
electric dipole moment or any other vector property). By “internal” we mean that
the property is independent of the positional state of the particle. As a result, it
commutes with the position and momentum operators and this enables us to write
the components of ~V as

Vx =

[
a1 a2

a3 a4

]
, Vy =

[
a5 a6

a7 a8

]
, Vz =

[
a9 a10

a11 a12

]
,

where a1, . . . , a12 are constant; they don’t depend on position or momentum. On
the other hand, we know that if ~V is a vector, then it must transform like a vector

2



under rotations. In class, we have shown that this implies the following commutation
relations

[Ji, Vj] = ih̄
∑

k

εijkVk

where ~J = ~L + ~S is the total angular momentum operator (~L is the orbital angular

momentum and ~S is the spin).

(a) Find the relation between all the constants a1, . . . , a12 and show that all can be

expressed in terms of a single number as ~V = c~σ.

(b) Let D(ẑ, α) = exp(− i
h̄
αJz) be the rotation operator around z-axis by an angle

α. Calculate
D(ẑ, α)† ~V D(ẑ, α)

in terms of ~V.

(c) Let |ψ〉 be an arbitrary state expressing both the positional and the spin states
of the particle. Let |ψ′〉 = D(ẑ, α)|ψ〉 be the state obtained after rotating the
atom around z axis by an angle α. Calculate

〈ψ′|~V|ψ′〉

in terms of the old matrix elements 〈ψ|~V|ψ〉. What is the rotation matrix?
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PHYS 507 Quantum Mechanics I
Final Examination

Assigned: January 19, 2004.
Due: January 22, 2004, Thursday, 17:00.
Rules: Solve the problems on your own. You cannot discuss them with your friends.

1. We know that the spin-orbit interaction in atoms couples the orbital angular momen-
tum and spin of an electron by a term in the Hamiltonian of the form

H =
2

h̄
f~L · ~S .

As we have done in the midterm, we assume that f is a constant and also assume
that H given above is the total Hamiltonian. We will also ignore the radial motion of
electrons. Suppose that at an initial time t = 0, the electron is in a common eigenstate
of orbital (with quantum numbers ` and m) and spin (spin up) angular momenta, i.e.,

ψ(t = 0) = Y m
` |↑〉 .

Obviously, due to spin-orbit coupling both angular momenta will change with time.

(a) What is the state at time t?

(b) At a time T later, the state returns back to the initial state together with an
overall phase factor, i.e.,

ψ(T ) = γψ(0) ,

where γ is a phase factor. What is T (period)? What is γ?

(c) Calculate the following expectation values at time t: i.
〈
~S
〉

t
ii.

〈
~L
〉

t
iii.

〈
~J
〉

t
.

Using the result you have found in i. only, calculate the probability of obtaining
Sx to be +h̄/2 at time t.

(d) What is the probability of measuring Sz to be −h̄/2 at time t? When does this
probability become a maximum and what is the maximum value?

2. Consider the motion of a particle in one-dimension having a Hamiltonian of the form

H =
1

2m
p2 − 1

2
mλ2x2 .

Don’t be fooled by the the similarity of this Hamiltonian to the one for a harmonic
oscillator. In H, the potential energy is not bounded below. There are no bound states
in here.

(a) Calculate the Heisenberg operators for position, xH(t), and for the momentum,
pH(t). [Remember: xH(t) = U(t)†xU(t) where U(t) is the time developement
operator.

(b) Calculate the following commutators. (i) [xH(t), xH(t′)], (ii) [xH(t), pH(t′)] and
(iii) [pH(t), pH(t′)]. Do these reduce to what you would expect at equal times,
t′ = t?
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(c) Calculate
1

2m
pH(t)2 − 1

2
mλ2xH(t)2 .

What is so special about this operator?

(d) Calculate the time-dependent expectation values 〈x〉t and 〈p〉t in terms of their
initial values.

(e) Calculate the uncertainties ∆xt and ∆pt in terms of the initial expectation values
of some operators.

[Hint: cosh a = (ea + e−a)/2, sinh a = (ea − e−a)/2.]

3. Consider the motion of a particle with charge Q around a ring with radius R. Denoting
the position of the particle on the ring by x, the Hamiltonian of the particle is

H =
1

2m

(
p− Q

c
A

)2

=
1

2m

(
h̄

i

∂

∂x
− Q

c
A(t)

)2

,

where A = A(t) is the component of the vector potential tangent to the ring. We
assume that A is independent of position but might depend on time. Let Φ = Φ(t)
denote the magnetic flux enclosed by the ring and let Φ0 = ch/Q be the flux quantum.
Let J denote the current density satisfying the continuity equation

∂

∂t
|ψ|2 +

∂

∂x
J = 0 .

Of course, since we are in one dimension, J is not the current density but current itself
(with units 1/seconds). Let I = QJ be the electrical current.

(a) When the flux Φ is independent of time, find the normalized eigenfunctions, ϕn(x),
the corresponding eigenvalues, En, and the associated current densities, Jn, for
the Hamiltonian H. Do the eigenfunctions depend on the flux?

(b) Now, suppose that Φ = Φ(t) depends on time. Find an expression for the time
derivative of the energy, 〈H〉t, for a general state ψ. Rewrite that expression for
the case ψ = (phase)ϕn.

(c) Show that when the particle is in an eigenstate of H initially (i.e., ψ(x, t = 0) =
ϕn(x)) it will always remain in the same state. Express ψ(x, t).

(d) Faraday’s law in the theory electromagnetism states that a changing magnetic
flux produces an emf given by

E = −1

c

d

dt
Φ(t) .

Obviously this emf will give (or take) energy to (from) particles on the ring. Show
that the power given to particles that you have found in part (b) is completely
provided by this mechanism.

(e) For which values of the flux, Φ, the ground state is degenerate? Numerically
calculate the minimum magnetic field necessary to obtain a degenerate ground
state for a R = 100 nm ring. Also calculate the electric currents of the ground
states.
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PHYS 507 Quantum Mechanics I
Final Examination

Assigned: May 31, 2004, Monday.
Due: June 7, 2004, Monday, at 5:00 pm.
Notes: As opposed to the homeworks, for the final exam you are not allowed to talk to
your friends (or to anybody) about the exam. You are supposed to solve all problems
by yourself and you should keep in mind that this is not impossible. All of the following
problems can be solved from what you have learned in the class. You may consult any
book you want, but this will be unnecessary.

1. In this problem we will investigate the behavior of a spin 1 particle inside a magnetic
field. In this case, there will be three basis states (|s = 1,m〉 , m = −1, 0, 1) that
describe the spin degree of freedom of such a particle. In the following problems, it
will be easier to use a matrix representation, so that, for example if the particle is in
the state |ψ〉 = a |1, 1〉+ b |1, 0〉+ c |1,−1〉 then we will use the matrix representation

ψ =




a
b
c


 .

to denote the same state.

(a) First of all, write down the matrix representations of the three basic operators
that we will deal with: Sx, Sy and Sz. (Make sure that they are hermitian!)

Now suppose that this particle has a magnetic moment related to the spin by ~µ = k~S
where k is a positive constant (possibly because this is a positively charged particle).

Therefore, when this particle is placed in a magnetic field ~B, its Hamiltonian becomes
H = −~µ · ~B = −k~S · ~B.

(b) Suppose that this particle is placed in a magnetic field along x-axis: ~B = Bx̂.
Find all energy eigenvalues for this case. What is the frequency of the photon
emitted (or absorbed) if there is a transition between two successive levels? (Note
that both transitions give same angular frequency ω. Hereafter, you can use ω to
simplify your notation.)

(c) Find all eigenvectors of H corresponding to the eigenvalues you have found in
part (b).

(d) Suppose that the particle is in a spin-up state along z axis at t = 0. In other
words, the state at t = 0 is

ψ(t = 0) =




1
0
0


 .

Calculate ψ(t). (Check that ψ(t) is still normalized to make sure that you have
not made any mistake.)
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(e) Calculate 〈Sx〉t, 〈Sy〉t and 〈Sz〉t at time t by using the state you have calculated

above. Does the length of the vector
〈
~S
〉

t
change with time? Is this a periodic

motion? If so what is the period? Can you describe the motion in words?

(f) In classical magnetostatics, we have learned that the torque applied on a dipole

in a magnetic field is ~µ × ~B. Verify that the expression for the torque is correct
on the average for this case. In other words, verify that

d

dt

〈
~S
〉

t
= 〈~µ〉t × ~B .

2. Consider a harmonic oscillator with Hamiltonian,

H =
p2

2m
+

1

2
mω2x2 .

Initially the oscillator is in the following superposition state of the ground and the first
excited state

|ψ(0)〉 = a |0〉+ b |1〉 .

(a) Find the values of a and b that produce maximum value for the average position,
〈x〉. What is the maximum value of 〈x〉?

(b) For the values you have found in part (a), find the state at time t. (|ψ(t)〉 =?)

(c) Calculate 〈x〉t and 〈p〉t.
(d) Calculate ∆xt and ∆pt and show that the uncertainty relation is satisfied at all

times.

3. We know that for any vector property ~V of a system, the following commutation
relations are satisfied

[Ji, Vj] = ih̄
∑

k

εijkVk , (1)

where ~J is the angular momentum operator for the same system (i.e., ~J generates the

rotations for the whole system.) The vector ~V can be anything: Position, momentum,
magnetic (or electric) dipole moment, etc. The commutation relations above are very
powerful, but in this problem we will investigate only a subset of their implications.

Suppose that the system is rotationally invariant. In this case angular momentum com-
mutes with Hamiltonian ([~J, H] = 0) and this implies that the energy eigenfunctions
can be chosen as common eigenkets of H, J2 and Jz. Let the eigenkets be denoted
as |n, j, m〉 where j and m are the usual angular momentum quantum numbers and n
denotes (an)other quantum number(s) that the energy depends on. It can be shown
that, due to rotational invariance, the energy eigenvalue can in general depend on n and
j quantum numbers but not on m quantum number, i.e., H |n, j,m〉 = Enj |n, j, m〉.
This implies that such a level is (2j + 1)-fold degenerate. (There can be additional
accidental degeneracies like that in the nonrelativistic hydrogen atom, where energy
eigenvalue is also independent of j quantum number, but such a case cannot occur in
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real systems). Now, if we know that the system is in a particular level, say with energy
Enj, we cannot say that the state is one of |n, j,m〉 with a definite m value. In general,
the state will be a superposition of all degenerate eigenstates, i.e.,

|ψ〉 =

+j∑
m=−j

cm |n, j,m〉 . (2)

In other words, the state |ψ〉 will have definite n and j value, but it will be superposition
of different kets having different m values. And it still has the same energy eigenvalue,
Enj. For those kind of states with j 6= 0, the system will have nonzero expectation
values for various vector properties. However, it can be shown that〈

~V
〉

= 〈ψ|~V|ψ〉 = Knj

〈
~J
〉

, (3)

where Knj is a constant that depends on n and j quantum numbers and on the vector
~V, but not on how the superposition is formed in Eq. (2). This is an interesting
relation, since it implies that there is only one possible direction for the average of any

vector for a given level and this is the direction of
〈
~J
〉
.

In the first part of this problem, we will prove this relation (Eq. (3)) starting from
Eqs. (1), then apply the result to a particular vector of particular interest. In the
following we will suppress the quantum number n from our notation to simplify things.
As a final note: Do not be overwhelmed by the length of this question, most of the
things below are quite straightforward.

(a) Let us define V± = Vx ± iVy. Calculate the following commutators. (i) [Jz, Vz],
(ii) [Jz, V±], (iii) [J+, V+] and (iv) [J−, V+]. (More can be calculated, but these
are what we need).

(b) Let us use the shorthand Nm for h̄
√

j(j + 1)−m(m + 1), i.e., J+ |j, m〉 = Nm |j, m + 1〉.
Express the following using Nm and basis kets. (i) J− |j, m + 1〉, (ii) 〈j, m + 1| J+

and (iii) 〈j, m| J−.

(c) We start making use of the commutation relations now. Show that 〈jm′|Vz|jm〉 =
0 if m′ 6= m. (Hint: Evaluate 〈jm′|[Jz, Vz]|jm〉.)

(d) Show that 〈jm′|V+|jm〉 = 0 if m′ 6= m + 1. (Hint: Evaluate 〈jm′|[Jz, V+]|jm〉.)
(e) Let us use the shorthand Mm = 〈jm+1|V+|jm〉. Show that Nm+1Mm = NmMm+1.

(Hint: Evaluate 〈jm + 2|[J+, V+]|jm〉.)
(f) Using the result of part (e), show that Mm = KNm where K is a constant

independent of m value.

(g) By evaluating 〈jm|[J−, V+]|jm〉 show that 〈jm|Vz|jm〉 = Kh̄m.

To summarize, what we have shown is the following. There is a constant number K
such that

〈jm′|Vz|jm〉 = K〈jm′|Jz|jm〉 ,

〈jm′|V+|jm〉 = K〈jm′|J+|jm〉 ,

for any value of m′ and m.
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(h) First explain why K has to be a real number and then show that 〈jm′|V−|jm〉 =
K〈jm′|J−|jm〉.

(i) Now, for the state |ψ〉 in Eq. (2) show that

〈
~V

〉
= K

〈
~J
〉

.

Note that the quantum numbers n and j are left untouched in the derivation. As a
result, the constant K can depend on these quantum numbers (i.e., K = Knj).

Finally, as an application consider a single electron in a hydrogen atom. The total
angular momentum is the sum of orbital and spin angular momenta: ~J = ~L + ~S. Note
that, in the real hydrogen atom, due to the spin-orbit interaction, ~L and ~S are not
separately conserved, but ~J is conserved. Because of this, the energy eigenstates are
common eigenstates of H, J2, Jz and L2. We know how to express the angular and
spin part of these states in terms of the spherical harmonics and spin-kets. You can
(and should) consult a book on the value of Clebsh-Gordan coefficients for these states.

We will consider one particular vector, the magnetic dipole moment of the electron

~µ = − e

2mc

(
~L + g~S

)
.

Here g is the famous g factor for the electron spin. Its value is nearly equal to 2, so we
will use this value (g = 2). Now, if the electron is in a definite energy level (i.e., it is
in a state similar to Eq. (2)), then we have shown that the average magnetic moment
can be expressed as

〈~µ〉 = − e

2mc
gj

〈
~J
〉

where gj is a constant number known as Landé g-factor.

(j) Calculate gj for j = ` + 1/2 and j = ` − 1/2 for a given `. (Note: This factor
is given in a lot of textbooks. But, you should use the result you have derived
above. Note also that it is sufficient to evaluate this constant for a particular |ψ〉
of Eq. (2), i.e., you can choose its coefficients cm in any way you want.)
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PHYS 507 Quantum Mechanics I
Final Examination

Assigned: January 14, 2005, 5:00 pm, Friday.
Due: January 19, 2005, 5:00 pm, Wednesday.
Notes: As opposed to the homeworks, for the final exam you are not allowed to talk to
your friends (or to anybody) about the exam. Solve all problems by yourself. Attempts
of copying will be evaluated in the determination of the letter grade. All of the following
problems can be solved from what you have learned in the class. You may consult any
book you want, but this will be unnecessary.

1. In a magnetic resonance experiment a magnetic dipole is placed inside a constant
magnetic field. When an electromagnetic wave is sent, the dipole absorbs parts of the
incident energy depending on the separation of the energy levels of the dipole and the
frequency of the wave. A wealth of information can be gained about the dipole and its
environment through the investigation of the absorption spectrum. When dipoles in
question are nuclear magnetic moments, the spectroscopy is called Nuclear Magnetic
Resonance (NMR), when it is the magnetic moment of electrons it is called Electron
Paramagnetic Resonance (EPR).

In this problem we are going to investigate the behavior of the spin state of an electron
in such an experiment. We will ignore the transitions between different energy levels
of the electron and concentrate only on the coherent dynamics of electron spin. We
assume that the constant magnetic field is applied along z-direction and has magnitude
B0. We also assume that a left circularly polarized classical electromagnetic wave with
frequency ω is sent towards the positive z-direction. The electron will feel only the
magnetic field component of the wave at the position where electron is. The magnetic
field that the electron experiences can be written as B1(cos ωtx̂ + sin ωtŷ). In other
words, the magnetic field has magnitude B1 and rotates in counterclockwise direction
on xy plane. You can see that a right circularly polarized wave sent towards the
negative z-axis has the same effect on the electron. The total magnetic field the
electron experiences is

~B(t) = B1(cos ωtx̂ + sin ωtŷ) + B0ẑ ,

and has both a time-dependent and time-independent component. We will ignore the
positional degree of freedom of the electron as usual. The Hamiltonian can be written
as

H(t) = −~µ · ~B(t) = +µB~σ · ~B(t) ,

where µB is the Bohr magneton. You can use the following variables to simplify the
notation:

ω0 =
2µBB0

h̄
, ω1 =

2µBB1

h̄
.
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(a) First consider the case when there is no electromagnetic field (B1 = 0). What are
the energy eigenvalues and the corresponding eigenvectors? What is the character-
istic frequency for transitions between the ground and excited states (absorption
can occur near this frequency obviously).

(b) Now consider the case where there is an electromagnetic field (B1 6= 0). Write
down the Schrödinger’s equation for the spin state

ψ(t) =

[
a(t)
b(t)

]
.

(c) Solving for ψ(t) when the Hamiltonian is time dependent is in general a very
difficult problem. However, in this special case we can use a trick to convert the
problem to a time independent one. Remember that the magnetic field rotates
on xy plane with frequency ω. It is reasonable to expect that the spin does more
or less a similar rotation. If we follow this rotation, we should make the following
time dependent transformation of the state ψ(t) to ψ̃(t),

ψ(t) = D(ωtẑ)ψ̃(t) =

[
e−

i
2
ωt 0

0 e
i
2
ωt

]
ψ̃(t) .

Obtain the Schrödinger’s equation for ψ̃(t) and find the corresponding Hamilto-
nian H̃. Is H̃ time independent? (If so, you can continue solving this problem, if
not, you cannot.)

(d) You should have obtained an expression like H̃ = ~u ·~σ where ~u is a vector. What
is the length of this vector? What are its spherical angles? (~u = |u| (sin θ(cos φx̂+
sin φŷ) + cos θẑ)). What are the energy eigenvalues of H̃? Let’s define h̄Ω as the
difference between the energy eigenvalues of H̃. What is Ω? [In the rest of this
problem, you may want to use Ω and spherical angles to simplify the expressions
you will obtain.]

(e) What is the time-development operator for ψ̃(t)? (i.e., find Ũ(t) satisfying ψ̃(t) =
Ũ(t)ψ̃(t). You can do this by solving for the eigenvectors of H̃ or by simply taking
the exponential of H̃.) What is the time development operator for ψ(t)?

(f) Now suppose that the electron is initially (at t = 0) in its ground state, which is
usually the case. What is ψ(t)?

(g) Let P (t) be the probability of finding the electron to be in the excited state at
time t for the solution in part (f). What is P (t)? As a function of time, P (t)
reaches to a maximum, Pmax. What is Pmax?

(h) We can think of Pmax as the maximum probability of energy absorption from the
field. As a result, it is a quantity proportional to the absorption rate. Plot Pmax

as a function of field frequency, ω. At which frequency Pmax become largest (res-
onance condition)? What is the value of Pmax for this frequency? Also plot Pmax

vs. ω curve for two different values of ω1, which is related to the field intensity.
How does the resonance curve change when the field intensity is decreased?
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2. Consider the total angular momentum of a single spin 1/2 particle, ~J = ~L + ~S. Here
~L is the orbital angular momentum and ~S is the spin. We are interested in finding
the common eigenstates of J2 and Jz. We are going to consider only the states where
orbital angular momentum quantum number is `. As a result, the states Y m

` |↑〉 and
Y m

` |↓〉 for different values of m form the uncoupled basis. We are going to find the
Clebsch-Gordan coefficients appearing in the expansion of the coupled states, |j, m′〉c.

(a) Show that the coupled states |j, m′〉c are eigenstates of ~L · ~S. Find the correspond-
ing eigenvalue for each j.

(b) The coupled states for any j value can be written as
∣∣∣∣j; m′ = m +

1

2

〉

c

= AY m
` |↑〉+ BY m+1

` |↓〉 .

We are going to determine the values of A and B (the Clebsch-Gordan coefficients)

by using the eigenvalue equation for ~L · ~S. This is one possible method for the
solution of this problem among many others. Apply ~L · ~S to this equation and
solve for A and B for both values of j.

(c) Express the uncoupled states Y m
` |↑〉 and Y m

` |↓〉 as a superposition of coupled
states.

(d) Which values can be obtained and what are the probabilities of obtaining each if
J2 is measured in the state Y m

` |↑〉? What is 〈J2〉
(e) Suppose that this particle has a Hamiltonian given by

H =
2f

h̄
~L · ~S ,

where f is a constant with the dimension of frequency. What are the energy
eigenvalues of this Hamiltonian? What is the degeneracy of each level?

(f) Suppose that initially the particle is in the uncoupled state ψ(0) = Y m
` |↑〉. Ex-

press the state at time t, ψ(t), (i) in coupled basis and (ii) in uncoupled basis.

(g) Spin flip probability, p↓(t), is the probability of finding this particle in spin down
state at time t (i.e., measurement of Sz gives −h̄/2). What is p↓(t)? When does
this probability become a maximum and what is the maximum value?

3. Consider the motion of an electron with charge (−e) in a 2D plane under the presence

of a magnetic field along the third direction. Let ~B = Bẑ. You don’t need to choose a
particular gauge as we are going to work with physical observables. The Hamiltonian
is

H =
1

2m

(
~p− (−e)

c
~A

)2

=
1

2m

(
px +

e

c
Ax

)2

+
1

2m

(
py +

e

c
Ay

)2

=
1

2m
(π2

x + π2
y) .

Use ω for the cyclotron frequency eB/mc whenever appropriate.

(a) Find the time derivatives of 〈πx〉t and 〈πy〉t.
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(b) Use whichever method you like to solve the differential equations you have found in
part (a) and express 〈πx〉t and 〈πy〉t in terms of time and some initial expectation
values (namely 〈πx〉0 and 〈πy〉0). This gives you the time dependence of the
average velocity.

(c) Find the time derivatives of 〈x〉t and 〈y〉t.
(d) Integrate the equations in part (c) to express 〈x〉t and 〈y〉t in terms of time and

some initial expectation values. [Check that your expressions satisfy the initial
conditions when you set t = 0.]

(e) You should have found that the average kinetical momentum vector has a fixed

magnitude (|〈~π〉t| =
√
〈πx〉2t + 〈πy〉2t has time independent magnitude). You

should have also found that the average position 〈~r〉t draws a circular orbit on
the xy plane. What is the radius of this orbit and what is the expression that
relates it to the magnitude |〈~π〉t|? What is the relation between the radius and
speed for a classical particle?
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METU

Department of Physics

2004-2005 Spring Semester

PHYS 507 Quantum Mechanics I
Final Examination

Due: June 10, 2005, Friday.
Rules: (1) You are not allowed to talk to each other or to another person about the
problems. (2) Failure of rule 1 gives me infinite freedom in deciding which letter grade you
should get. (3) There are four problems. Select and solve only three of them.

1. Consider the spin states of three spin 1/2 particles. The “uncoupled” spin states are
represented by the kets |↑↑↑〉 , |↑↑↓〉 , |↑↓↑〉 , · · · in the usual way where the first arrow
belongs to the first particle, second to second etc. It can be seen that there are a total
of 8 states in here. Let ~S = ~S1 + ~S2 + ~S3 be the total spin operator of the three
particles. In this problem, we are going to find all common eigenstates of S2 and Sz,
which we will denote as |s,ms〉c.
(a) First, find all possible values of the quantum number associated with S2 (call it

s), i.e., eigenvalues of S2 is s(s+1)h̄2. How many states are there for each possible
value of s? (Remember that the total should be 8. You have solved this problem
in the last homework, so I will spell out the answers below.)

(b) Start with the “coupled” states belonging to the maximum value of s, i.e., s = 3/2.
Find all states |3/2,m〉c.

(c) The remaining states not found in part (b) (and orthogonal to those) should be
states with s = 1/2. Let us start with the case ms = 1/2. Since there are two
different states having quantum numbers s = ms = 1/2, we should use another
label (perhaps another quantum number) to distinguish these. Let us use Greek
letters α and β for this purpose. Find the two states

|α, s = 1/2,ms = 1/2〉c and |β, s = 1/2,ms = 1/2〉c ,

by whatever method you choose. Check that (i) these states are orthogonal to
|3/2, 1/2〉c and (ii) S+ applied to these give 0. (Since we haven’t said anything
about the meaning of the labels α and β, there is some arbitrariness in the choice
of |α, 1/2, 1/2〉c and |β, 1/2, 1/2〉c. Choose whatever you like, but make sure that
these two states are orthogonal to each other.)

(d) By applying S− to these states, calculate

|α, s = 1/2,ms = −1/2〉c and |β, s = 1/2,ms = −1/2〉c .

Check that (i) these states are orthogonal to |3/2,−1/2〉c and (ii) S− applied to
these give 0.
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Now we have 8 states, which are common eigenstates of S2 and Sz. And we know that
these form an orthonormal basis.

(e) Suppose that the three particles are in the state |ψ〉 = |↑↓↑〉. We take a simulta-
neous measurement of S2 and Sz in this state. Which values do we get and what
are the probabilities of obtaining each?

(f) What is 〈S2〉 in the state |ψ〉?
2. Consider the harmonic oscillator Hamiltonian

H =
p2

2m
+

1

2
mω2x2 .

You know how to express the ladder operators, a and a†, in terms position and mo-
mentum operators.

(a) Calculate the Heisenberg operators for the ladder operators, aH(t) and aH(t)†.

(b) Calculate the Heisenberg operators for the position and momentum, xH(t) and
pH(t). Express these in terms of x and p.

(c) Compute the operator expression

pH(t)2

2m
+

1

2
mω2xH(t)2 ,

and explain why it does not have any explicit time dependence.

(d) Compute the operator expression

xH(t)pH(t)− pH(t)xH(t) ,

and explain the result.

(e) One useful feature of Heisenberg operators is that the expectation values of ob-
servables in arbitrary states can be computed easily by using 〈A〉t = 〈AH(t)〉0.
(Here 〈· · · 〉t represents the expectation value at time t). Use this prescription to
calculate the squares of uncertainties ∆xt and ∆pt at time t in terms of some
initial expectation values.

(f) For simplicity, consider an initial state where “position-momentum correlation” is
zero, i.e., 〈xp + px〉0 − 2 〈x〉0 〈p〉0 = 0, but otherwise the initial state is arbitrary.
Show that the product of position and momentum uncertainties at time t satisfies

∆x2
t ∆p2

t = ∆x2
0∆p2

0 +
1

4

(
mω∆x2

0 −
∆p2

0

mω

)2

sin2 2ωt .

(For this reason, we have ∆xt∆pt ≥ ∆x0∆p0, and if the uncertainty relation is
satisfied by the initial state, then the relation is not violated at later times. )

2



3. Consider an electron in a uniform magnetic field ~B = B(cos θẑ + sin θx̂). The Hamil-
tonian describing the spin motion of the electron is

Hspin = −~µ · ~B = +µB~σ · ~B ,

where µB = geh̄/4mc is called the Bohr magneton. Use ω = 2µBB/h̄ whenever it is
convenient.

(a) Find the eigenvalues (E1 and E2) and the normalized eigenvectors (u1 and u2) of
the Hamiltonian.

(b) Suppose that at t = 0 the electron is in a spin-up state along z-axis, and its state
vector is

ψ(t = 0) =

[
1
0

]
.

Expand ψ(0) in the basis of the eigenvectors of Hspin, i.e., find c1 and c2 such that
ψ(0) =

∑
n cnun.

(c) Using the expansion obtained in part (b) find the state at time t. (ψ(t) =?)

(d) Calculate the expectation values 〈σx〉t, 〈σy〉t and 〈σz〉t. Is this a periodic motion?
If so what is the period?

(e) Show that 〈~σ〉t is a unit vector at any time t. Also show that the angle between

〈~σ〉t and ~B is always equal to θ.

(f) Calculate the probability that the electron will be found in a spin-down state
along z at time t (call this p↓(t)). At which times is this probability a maximum?
At which times it is a minimum?

4. Consider two spin 1/2 particles. Let ~S = ~S1 + ~S2 be the total spin operator where ~Si

represents the spin of the ith particle. We have written down the common eigenstates
of S2 and Sz before. In this problem, we will work only with the triplet states, the
states where the quantum number for S2 is s = 1. These states are

|1, 1〉 = |↑↑〉 ,

|1, 0〉 =
1√
2

(|↑↓〉+ |↓↑〉) ,

|1,−1〉 = |↓↓〉 .

These states satisfy all properties of angular momentum eigenstates with quantum
number 1, for example, the p states. They transform like the p states under rotations,
etc. For this reason, to determine certain properties of p states, we might investigate
the same properties for these triplet states. Certain expressions can be obtained much
more easily in this way. One problem we might be interested in is obtaining the
eigenstates of an arbitrary component of angular momentum, i.e., Sn = n̂ · ~S where n̂
is an arbitrary unit vector.
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(a) We have solved this problem for spin 1/2 before. Let us solve it again. Let |↑n̂〉
and |↓n̂〉 be the spin-up and spin-down states along unit vector n̂ for a single spin
1/2 particle. Let n̂ have spherical angles θ and φ, i.e., n̂ = sin θ(cos φx̂+sin φŷ)+
cos θẑ. Express the states |↑n̂〉 and |↓n̂〉 in terms of |↑〉 and |↓〉.

(b) Now, to express the triplet states of two spin 1/2 particles, we might look at the

common eigenstates of S2 and Sn = n̂ · ~S (instead of S2 and Sz as done above).
Let |1,m; n̂〉 represent the state where S2 is 2h̄2 (quantum number s = 1) and Sn

is mh̄. These states can be derived in the same manner, but using the rotational
invariance of the problem, we can easily write them as

|1, 1; n̂〉 = |↑n̂↑n̂〉 ,

|1, 0; n̂〉 =
1√
2

(|↑n̂↓n̂〉+ |↓n̂↑n̂〉) ,

|1,−1; n̂〉 = |↓n̂↓n̂〉 .

Express these states as superpositions of |1,m〉 (Instead of |1,m; ẑ〉 we will keep
using the notation |1,m〉).

At this point, we will forget about the triplet states and their representation in terms
of individual spins of two particles. We will consider a general angular momentum
operator ~J . Let |1,m〉 be the common eigenstates of J2 and Jz where J2 has the value
2h̄2, in other words quantum number j = 1. Let |1,m; n̂〉 be the common eigenstates

of J2 and Jn = n̂ · ~J where n̂ has spherical angles θ, φ. We can directly copy the
expressions we have obtained in part (b) for the expansion of |1, m; n̂〉 in terms of
|1,m〉.
(c) First do a consistency check of this result. Verify that each |1,m; n̂〉 is normalized

and any two of them are orthogonal.

(d) Suppose that the system is in the state |1, 1; n̂〉 and we are measuring Jz. Which
values do we get and what are the probabilities of obtaining each? Does the answer
depend only on θ and not on φ? (Due to rotational invariance, the answers should
depend only on the angle between n̂ and ẑ.) From the calculated probabilities,
compute 〈Jz〉 and show that it is indeed given by h̄ẑ · n̂, consistent with 3b of
Homework VI.

(e) Repeat the question in part (d) for the states |1, 0; n̂〉 and |1,−1; n̂〉 in which Jz

is measured. What does 〈Jz〉 give in each case?

(f) Let n̂1 and n̂2 be two arbitrary directions with spherical angles θ1, φ1 and θ2, φ2

respectively. The system is in state |1, 1; n̂1〉 and we are measuring Jn2 = n̂2 · ~J .
What is the probability of obtaining Jn2 to be +h̄? Does that probability depend
only on the angle between the unit vectors n̂1 and n̂2? (Remember, if γ is the
angle between n̂1 and n̂2 then n̂1 · n̂2 = cos γ.)

[By “rotational invariance” above, I mean that certain results do not depend on how
we choose our coordinate frame, the specific directions of unit vectors x̂, ŷ and ẑ.]
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PHYS 507 Quantum Mechanics I
Final Examination

Assigned: January 2, 2006.
Due: January 6, 2006, Friday, 16:00.
Rules: As opposed to the homeworks, for the final exam you are not allowed to talk to
your friends (or to anybody) about the exam. Solve all problems by yourself. If you share
your solutions with your friends, I reserve the right to give you any letter grade I wish.
All of the following problems can be solved from what you have learned in the class. You
may consult any book you want, but this will be unnecessary.

1. The spin-orbit interaction in atoms couples the orbital angular momentum and spin
of electrons by a term in the Hamiltonian of the form

H =
2

h̄
f~L · ~S ,

where ~L is the orbital angular momentum and ~S is the spin of a particular electron.
Actually, this is not the only term in the Hamiltonian. However, since we are going to
ignore the radial motion of the electron below, we are going to treat H given above as
the total Hamiltonian. Because of this, we are going to assume that f is a constant (in
reality it depends on the radial coordinate of the electrons). The Hamiltonian given
above then, gives us a fairly good idea for the angular and spin motion of the electron.

Suppose that the electron is in a p-state (` = 1 where ` is the quantum number for the
square of orbital angular momentum L2).

(a) Find all eigenvalues and the corresponding eigenstates of the Hamiltonian H for
the p states. What is the degeneracy of each level? What are the characteristic
frequencies?

(b) Suppose that initially our electron is in the following state

|ψ(t = 0)〉 = Y 0
1 |↑〉 .

(Here Y m
` denotes the common eigenstates of L2 and Lz with the corresponding

quantum numbers ` and m.) Find the state at time t.

(c) At a time T later, the state returns back to the initial state together with an
overall phase factor, i.e.,

|ψ(T )〉 = eiγ |ψ(0)〉 ,

where γ is a phase angle. What is T (period)? What is γ?

(d) Calculate the following expectation values at time t: i.
〈
~S
〉

t
ii.

〈
~L
〉

t
iii.

〈
~J
〉

t
.

(e) What is the probability of measuring Sz to be −h̄/2 at time t? When does this
probability become a maximum and what is the maximum value?

1



2. Consider a four-level system with the Hamiltonian

H =




E0 λa λc 0
λa E0 0 λd
λc 0 E0 + ∆ iλb
0 λd −iλb E0 + ∆


 = H0 + λV ,

where E0, ∆, a, b, c and d are real numbers and λ is a small real parameter that can
be varied. In this problem, we will consider H as a perturbed Hamiltonian and expand
its eigenvalues and eigenvectors in λ. Note that the unperturbed Hamiltonian, H0 has
two degenerate ground levels with energy E0 and two degenerate excited levels with
energy E0 + ∆.

Let un be the eigenvectors and En be the corresponding eigenvalues of H (n = 1, 2, 3, 4).

For each level, first find the appropriate “zeroth-order states” (that is u
(0)
n ) and after

that, expand the energy eigenvalues En up to second order and the eigenvectors un up
to first order in λ.

3. We know that the electrons possess an internal magnetic moment ~µ (in addition to the
“orbital moment” due to the currents created with the motion of the electron). By
“internal” in here we mean that the moment ~µ has nothing to do with the “positional
state” of the electron (hence it commutes with ~r and ~p), being modified only through
the spin state. Therefore, as an operator, it acts on the spin space and has the usual
2× 2 matrix representation. For example, the z-component of ~µ can be written as

µz =

[
a b
c d

]

for some complex numbers a, b, c and d, and similarly for the other two components.
To be able to determine these 12 unknowns, we have to use a more advanced theory,
which is outside the scope of this course. But still we can eliminate some of these
unknowns by using the fact that ~µ is a vector, i.e., it rotates as a vector when the
particle is rotated. In class, we have shown that this fact can be expressed as the
following commutation relations

[Ji, µj] = ih̄
∑

k

εijkµk .

(a) By using the commutations relations alone, prove that, all of these 12 unknowns
can be reduced to one real unknown k, by

~µ = k ~σ .

[Hint: Go one by one. First find µz by using [Jz, µz], [Jx, [Jx, µz]] etc. Then
compute µx and µy.]

(b) For the electron the constant k is

k =
g(−e)h̄

4mc

2



in Gaussian units. Here g has the approximate value 2 (computation of the exact
value requires the use of field theory). When this electron is placed inside a

magnetic field ~B, it interacts with the field through an additional term in the
Hamiltonian of the form

Hint = −~µ · ~B .

Assuming that this is the whole Hamiltonian and ~B is uniform, show that such
an interaction rotates the spin of the electron. To show this, first compute the
time development operator at time t, U(t), and show that it is equal to a rotation
operator by some angle around some axis. What is the axis of rotation and what
is the angle? What is the period of this motion? Compute the angular frequency,
ω, corresponding to this period.

(c) In classical magnetism, you have learned that the torque acting on a magnetic

moment ~µ is given by ~µ× ~B. Verify that this equation is also correct in here, but
“on the average”, i.e.,

d

dt

〈
~S
〉

t
= 〈~µ〉t × ~B .

(d) As a special example, assume that the magnetic field is uniform along ẑ with
~B = Bẑ. Suppose that initially the spin state is

ψ(0) =

[
cos θ

2

eiφ sin θ
2

]
.

First compute the spin state at time t, (ψ(t) =?) and then compute 〈~σ〉t. Do you
observe the expected periodic motion?
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PHYS 507
Final Exam (2014-1)
Due: Jan. 19, 2015, Monday, 17:00.

Important Note: Keep in mind that this is not a homework. This is an exam. For this
reason, you are not allowed to talk with your friends about the exam questions. If I feel that
you have failed this rule, I can assign any grade to your answer sheet without explanation.
The following questions are somewhat involved, but they must be straightforward. If you
need to ask any questions about these, you can ask me directly or you can ask to our
teaching assistant.

1. Spin-orbit coupling is a physical effect with a relativistic origin, which leads to impor-
tant consequences in the structures of atoms and molecules. It, for example, causes
splittings of energy levels, which we observe as the “fine structure”. For the case of
the hydrogen atom, the spin-orbit coupling can be expressed as the third term of the
following approximate Hamiltonian.

H =
p2

2µ
− e2

r
+
A

r3
~L · ~S , (1)

where A is some constant, ~L = ~r × ~p is the orbital angular momentum and ~S is the
spin. Let ~J = ~L+ ~S be the total angular momentum.

(a) Using the relevant symmetry ideas, determine which of the following quantities
are conserved for the Hamiltonian in Eq. (1). Briefly explain the symmetries in
each case.

H, ~p, ~L, ~S, ~J .

(a′) Using (a), determine if the following quantities are conserved or not

J2, L2, S2, ~L · ~S .

Let us concentrate on the behavior of the np levels of the Hydrogen atom. Since the
spin-orbit coupling is weaker compared to the Coulomb interaction, it will change the
radial part of the wavefunction only weakly. On the other hand, it will have significant
effects on spin and angular part of the wavefunctions, which we want to determine.
For this purpose, we can simplify the Hamiltonian in Eq. (1) by throwing away the
radial parts. So, suppose that

Ha = c+
Ω

~
~L · ~S

where c and Ω are some constants. These constants depend on n and ` quantum
numbers of the relevant orbitals, but let us not worry about these. We will take ` = 1
(i.e., we have a p electron).

(b) What are the energy eigenvalues of Ha? What are the corresponding eigenstates?
What is the degeneracy of each level? What are the energy differences between
successive levels? (Once again, you can define ω in terms of energy differences,
and use these in the time-dependent expressions below.)
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(c) Suppose that an electron is initially prepared in the state

|Ψ(t = 0)〉 = Y 1
1 |↑〉 ,

where we did not show the radial part of the wavefunction. Find the state |Ψ(t)〉
at time t. Is this a stationary state?

(c′) If J2 is measured in this state, what do we get and with which probability?

(d) Suppose now that the electron is initially prepared in the state

|Ψ′(t = 0)〉 = Y 1
1 |↓〉 .

Find the state |Ψ′(t)〉 at time t. (You can drop overall phase factors if you want.
You can use the Clebsch-Gordan coefficients from the textbook or class notes.)

(e) Suppose that one of the following observables is measured at time t. For each
case, list the possible outcomes and their respective probabilities.

i. J2,

ii. Jz,

iii. Lz,

iv. Sz,

v. L2.

(f) Find the time-dependent expectation values
〈
~S
〉
t
,
〈
~L
〉
t

and
〈
~J
〉
t
.

Hint: Compute 〈Si〉t separately for each i.

WARNING: If I see any expression like ~A = Ax + Ay + Az that mixes vectors
with scalars in your answer sheet, you will get 0 from the whole question! Any
expression you get must have some sort of a physical interpretation.

(f’) Find the time-dependent expectation value 〈J2〉t.
(g) Interpret (f) and (f′) in the light of your answers to parts (a) and (a′).

2. Consider n electrons and let

~S = ~S1 + ~S2 + · · ·+ ~Sn

be their total spin.

(a) If S2 is measured, which values can be obtained? List all possible values.
First, answer this question for general n. After that, give the answer for n = 2,
3, and 4 numerically.

(b) For n = 3 electrons, what is the degeneracy of each eigenvalue of S2?
Hint: Consider doing angular-momentum addition step-by-step: For example,

let ~S
′

= ~S1 + ~S2. Find quantum numbers of S ′2. After that, do the addition
~S = ~S

′
+ ~S3 and determine the quantum numbers.

(c) Same as above, but for n = 4 electrons. What is the degeneracy of each eigenvalue
of S2?
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Heisenberg model is a particular coupling between the local magnetic moments of
neighboring atoms. If ~Si are the total spins of atoms, the Heisenberg coupling between
the ith and jth atoms is expressed as the term J~Si · ~Sj in the Hamiltonian. Here J
is called the “exchange constant”, which can be positive or negative depending on the
interaction being anti-ferromagnetic or ferromagnetic.

(d) Consider n = 3 atoms, each having spin quantum number s = 1/2 (probably a
single unpaired s-electron is responsible for the magnetic moment of the atoms).
They interact with each other with the Heisenberg coupling, so that the Hamil-
tonian is

H = J
(
~S1 · ~S2 + ~S2 · ~S3 + ~S3 · ~S1

)
.

What are the energy eigenvalues? What is the degeneracy of each energy level?

Hint: You can somehow use the binomial expansion,(∑
i

~Si

)2

=

(∑
i

S2
i

)
+ 2

(∑
i<j

~Si · ~Sj

)

to simplify the Hamiltonian.

(e) The same problem as part (d), but now the atoms are placed inside a magnetic
field along the z direction. The Hamiltonian is now

H = J
(
~S1 · ~S2 + ~S2 · ~S3 + ~S3 · ~S1

)
+ β (S1z + S2z + S3z)

where β is a constant proportional to the magnetic field. What are the energy
eigenvalues of this Hamiltonian? What is the degeneracy of each energy level?

3. One implication of the Wigner-Eckart theorem is the following. If ~V and ~W are any
two vector operators, then their matrix elements are proportional to each other as

〈α′, j′,m′|~V |α, j,m〉 = C〈α′, j′,m′| ~W |α, j,m〉

for some constant C. Here the constant C depends on α, α′, j, j′, but it is independent
of m and m′, i.e., C = C(α, α′, j, j′). Of particular interest is the case j = j′ and
α = α′. So, for the following, let us concentrate for this special case. We can then
write the above formula as

〈α, j,m′|~V |α, j,m〉 = C〈α, j,m′| ~W |α, j,m〉 (2)

where C = C(α, j) depends on α and j, but it is independent of m and m′.

(a) Suppose that |ψ〉 is a quantum state which is an arbitrary superposition of differ-
ent states with “the same (α, j)” values. In other words, let

|ψ〉 =

+j∑
m=−j

bm |α, j,m〉 (3)

= b−j |α, j,−j〉+ b−j+1 |α, j,−j + 1〉+ · · ·+ bj |α, j, j〉 ,
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where

〈ψ|ψ〉 =

+j∑
m=−j

|bm|2 = 1 .

Show that, 〈
~V
〉
ψ

= C
〈
~W
〉
ψ

where C is the same constant that appears in Eq. (2). In particular, C is inde-
pendent of the superposition coefficients bm.

The result above is quite remarkable. It says that, as long as the state is a superposition
of the kind in Eq. (3), then averages of all vectors are in the same direction (parallel
or anti-parallel), no matter what kind of vectors these are!

(b) Show that

〈α, j,m′|~J · ~V |α, j,m〉 = C〈α, j,m′|~J · ~W |α, j,m〉 (4)

where C is the same constant again.

Hint: You can proceed as follows:

〈α, j,m′|~J · ~V |α, j,m〉 =
3∑
i=1

〈α, j,m′|JiVi|α, j,m〉

=
3∑
i=1

〈α, j,m′|Ji1Vi|α, j,m〉 ,

where 1 is the identity operator which you can expand as

1 =
∑

α′′,j′′,m′′

|α′′, j′′,m′′〉 〈α′′, j′′,m′′| ,

since {|α′′, j′′,m′′〉} forms an orthonormal basis. Work out these expressions to
prove Eq. (4).

(c) Use (a) and (b) to show that〈
~J · ~V

〉
ψ

= C
〈
~J · ~W

〉
ψ

for any |ψ〉 of the kind in Eq. (3), where C is still the same constant.
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The parts (a) and (c) considered together forms a special case of the so-called projection
theorem (Theorem 3.3 in our textbook). Because of its importance, let us re-state the

result that we have proved up to this point: For any two vector operators ~V and ~W ,
and for any given (α, j), it is possible to find a constant C such that〈

~V
〉

= C
〈
~W
〉
,〈

~J · ~V
〉

= C
〈
~J · ~W

〉
,

for all states |ψ〉 of the form Eq. (3).

This is most useful in the computation of the Landé g-factor. Consider an atom with
N electrons. Let ~L = ~r1× ~p1 + · · ·+~rN × ~pN be the total orbital angular momentum
and let ~S = ~S1 + · · · + ~SN be the total spin. The magnetic moment of the atom is
given by

~µ = − e

mc

(
~L+ 2~S

)
where we have assumed that the g-factors for the spin magnetic moments are exactly
2.

The energy eigenstates of the atom are also eigenstates of the total angular momentum
~J = ~L+ ~S, which can be expressed in an abstract form as

|n, `, s︸ ︷︷ ︸
α

, j,m〉c −→ |α, j,m〉 .

Note that the energy eigenvalue depends only on (α, j), so states with different m
quantum numbers are degenerate. This means that an energy eigenstate of the atom
can in general be in a superposition state of the form in Eq. (3). Projection theorem
for such states, then implies that

〈~µ〉 = − e

mc
gL

〈
~J
〉
,

i.e., the average magnetic moment is along the same direction as the average total
angular momentum. The constant of proportionality C is especially written in the
form above. The constant gL that appears is called the Landé g-factor. We can
compute it by using the result of part (c), which you will do below.

(d) Let the quantum numbers associated with the operators L2, S2 and J2 be `, s
and j respectively. We assume a many-electron atom, so keep these numbers
arbitrary. Find the Landé g-factor gL.

(d′) Is it possible that gL exceeds 2?

(d′′) Is it possible that gL is smaller than 1? Give an example for which this happens.
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1. Consider an electron in a p state, i.e., the orbital angular momentum quantum number is
` = 1. Let ~J = ~L+~S be the total angular momentum. Consider the angular momentum
eigenstates

|j,mj; `, s〉c = |j,mj; 1, 1/2〉c = |j,mj〉c .
There are

∑
(2j + 1) = 6 such states in total. In this problem, you will express these in

terms of the uncoupled states

|` = 1,m`; s = 1/2,ms〉 = Y m`
1 |ms〉

where |ms〉 represent the spin states which are usually expressed as |↑〉, |↓〉. There are
also (2` + 1)(2s + 1) = 6 such states. In short, the p states of an electron form a 6-
dimensional subspace of the full Hilbert space. We can use an orthonormal basis for this
subspace constructed either from coupled states or uncoupled states. We would like to
express one basis states in terms of the other, i.e., find the Clebsh-Gordan coefficients.
There are many methods to find these. The parts (a) and (b) will ask you to solve the
same problem by using two different methods.

(a) One method is to use the ladder operators and orthogonalization to compute the
coupled states. We start with the state having maximum values of j and mj quan-
tum numbers, i.e., j = mj = 3/2. This state is obviously∣∣∣∣32 , 3

2

〉
c

= Y 1
1 |↑〉 .

i. By repeatedly applying J− = L−+S− to this state, find all states with j = 3/2.

ii. After finding all |3/2,mj〉c states, we turn now to the remaining j = 1/2 states.
Among thos, the state having the largest mj quantum number is |1/2, 1/2〉c.
The trick is to use the orthogonality of this state to |3/2, 1/2〉c, i.e.,

c

〈
3

2
,
1

2

∣∣∣∣12 , 1

2

〉
c

= 0 .

Since |3/2, 1/2〉c has already been found, it is possible to find the state |1/2, 1/2〉c
from here. Find |1/2, 1/2〉c.

iii. Finally, by application of the ladder operators, find all j = 1/2 states.

(b) Another approach is to solve the eigenvalue equation for the operator J2. This
method is simple for the case s = 1/2 because each term in the expansion of
|j,mj〉c has at most two terms. It is also easier to solve the eigenvalue equation for
~L · ~S. The following steps simplifies the calculation.

i. Show that the eigenstates of the operator ~L · ~S are the coupled states. What
are the corresponding eigenvalues?
Hint: Use the relation J2 = (~L + ~S)2 = L2 + 2~L · ~S + S2.
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ii. Show that
~L · ~S =

1

2
(L+S− + L−S+) + LzSz.

iii. Consider the states where mj = 1/2. There are two such states corresponding
to quantum numbers j = 3/2 and j = 1/2 resp. We can express these states as∣∣∣∣32 , 1

2

〉
c

= aY 0
1 |↑〉+ bY 1

1 |↓〉 ,∣∣∣∣12 , 1

2

〉
c

= a′Y 0
1 |↑〉+ b′Y 1

1 |↓〉 ,

where the unknown coefficients are to be found by solving the eigenvalue equa-
tion

~L · ~S |· · · 〉 = (eigenvalue) |· · · 〉 .

By solving these equations, find the states |j, 1/2〉c. Do you get the same states
you have found in part (a)? If you get different expressions, what is the reason
for the difference?

iv. Repeat the procedure above for mj = −1/2. Also, identify the states with
mj = 3/2 and mj = −3/2. Once finished, you would have expressed all coupled
states |j,mj〉c in terms of the uncoupled states by solving eigenvalue equations.

(c) In parts (a) and (b), you have expressed the coupled states in terms of the uncou-
pled ones. Here, you will invert these relations, i.e., express the uncoupled states
Y m`
1 |ms〉 in terms of the coupled states, namely in the form

Y m`
1 |ms〉 =

∑
cm`,ms,j |j,mj〉c .

One immediate method that students tend to use is to invert the equations in parts
(a)/(b) by eliminating coefficients using techniques that we learn in solving linear
equations. This is a valid method, but unfortunately too complicated. A much
simpler method uses the orthonormality of the coupled states. Suppose that you
want to expand a state |ψ〉 in coupled basis,

|ψ〉 =
∑
j,mj

|j,mj〉c .

The unknown coefficients can be computed by evaluating the inner product

cj,mj
= c〈j,mj|ψ〉 .

Express all uncoupled states Y m`
1 |ms〉 in the coupled basis by using this inner-

product trick.
Warning: You will get 0 if you use the longer coefficient elimination method.
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2. Consider a p electron in an atom. Due to a relativistic effect called spin-orbit interaction,
there is a coupling between the orbital and spin angular momenta of the electron. Let
us forget about the other orbitals in the atom and concentrate only on the angular
momenta. With this approach, we can take the Hamiltonian to be

H =
Ω

~
~L · ~S ,

were Ω is a constant with the dimensions of frequency. Consider only the 6 states of the
electron.

(a) Find the energy eigenvalues and the eigenstates of the Hmailtonian. What is the
degeneracy of each level?

Probably you will find two energy levels. Let ω be the frequency corresponding to
transitions between these two levels, ω = ∆E/~. Express ω in terms of the given
quantities. (You may want to express some answers below in terms of ω. )

(b) Suppose that initially the electron is in the state

|Ψ(t = 0)〉 = Y 0
1 |↑〉 .

Find |Ψ(t)〉, the state at time t. Express |Ψ(t)〉 both in terms of coupled and
uncoupled states.
Note: You need the expansions in problem 1, parts (a), (b) and (c).

(c) Compute
〈
~S
〉
t
,
〈
~L
〉
t

and
〈
~J
〉
t
. Interpret the time dependence.

Note: First compute 〈Sx〉t, 〈Sy〉t and 〈Sz〉t separately and combine these into a

single vector notation. Same for the computation of
〈
~L
〉
t

and
〈
~J
〉
t
.

Also, note that it might be much more easier to compute some of these expectation
values in one of the two possible expansions of |Ψ(t)〉. For each expectation value,
decide which one is more suitable.
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Corrections:

• In question 3, part (e), I should have said: ψ̃(t) = Ũ(t)ψ̃(0). Also, I added a second
hint.

• In question, part (b), you need to consider only ` = 1 case.

1.100 Suppose that a spin-1
2

particle has an internal vector property denoted by ~V . It does not
matter what the particle is (it might be an electron, neutron, atom, ...) and it does not
matter what the vector is (it might be the magnetic dipole moment, electric dipole moment
or any other vector property). By “internal” we mean that the property is independent of the
positional state of the particle. As a result, it commutes with the position and momentum
operators and this enables us to write the components of ~V as

Vx =

[
a1 a2
a3 a4

]
, Vy =

[
a5 a6
a7 a8

]
, Vz =

[
a9 a10
a11 a12

]
,

where a1, . . . , a12 are some constants; i.e., they don’t depend on position or momentum. On
the other hand, we know that if ~V is a vector, then it must transform like a vector under
rotations. In class, we have shown that this implies the following commutation relations

[Ji, Vj] = i~
∑
k

εijkVk

where ~J = ~L+~S is the total angular momentum operator (~L is the orbital angular momentum

and ~S is the spin). It appears that these commutation relations are very strong. They imply
that the constants a1, . . . , a12 can be expressed in terms of a single variable so that the vector
operator is parallel to the spin, ~S (alternatively: ~V = c~σ for some c). Although this result can
be proven for any spin, in this problem you are going to prove for particles with spin quantum
number s = 1/2.

(a)40 Find the relation between all the constants a1, . . . , a12 and show that all can be expressed

in terms of a single number as ~V = c~σ.

It pays to be a little systematic in this problem. For example, at the very first step, you
may want to determine the matrix elements of one chosen component (say Vx) by using the
commutation relations. Once this is found, the other two components can be determined
by the direct use of the commutation relations.

(b)35 This is just a little demo that shows how ~V (or the spin) and its expectation values
change under rotations:

i. Let D(αẑ) = exp(− i
~αJz) be the rotation operator around z-axis by an angle α.

Calculate
D(αẑ)† ~V D(αẑ)

in terms of ~V .
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ii. Let |ψ〉 be an arbitrary state expressing both the positional and the spin states of the
particle. Let |ψ′〉 = D(αẑ) |ψ〉 be the state obtained after rotating the atom around
z axis by an angle α. Calculate

〈ψ′|~V |ψ′〉

in terms of the old matrix elements 〈ψ|~V |ψ〉. What is the rotation matrix?

(c)25 All spin 1/2 particle we know have also an intrinsic magnetic dipole moment ~µ. Thanks to
the result in part (a), we don’t need to understand the physical mechanism that produces
the moment, because we know that, whatever it is, it should be parallel to the spin, i.e.,
there is a number k such that

~µ = k~S .

The number k can be positive (e.g., for protons) or negative (e.g., electron and neutrons).
What we do here does not enable us to compute k; but we know that such a constant
exists.

On the other hand, from general physics we know that when we place a magnetic dipole
inside an external magnetic field, ~B, the dipole is associated with an energy (which we
consider as a term in the Hamiltonian), Hspin, and there is a torque ~τ on it, which are
given by

Hspin = −~µ · ~B , ~τ = ~µ× ~B .

(Please open a general physics textbook if you don’t remember these.) These are classical
relations, but there are good reasons to suspect that they are still valid in quantum physics
as well.

Show that, if the Hamiltonian associated with the spin part is given by Hspin written
above, then

d

dt

〈
~S
〉
t

= 〈~µ〉t × ~B

holds for any quantum state. In other words, ~µ × ~B is an operator that represents the
magnetic torque applied on the particle by the external field.

2.100 (Addition of angular momentum problem) Consider the total angular momentum of a single

spin-1/2 particle, ~J = ~L+ ~S. Here ~L is the orbital angular momentum and ~S is the spin. We
are interested in finding the common eigenstates of J2 and Jz. We are going to consider only
the states where the orbital angular momentum quantum number is `. As a result, the states
Y m
` |↑〉 and Y m

` |↓〉 for different values of m form the uncoupled basis. These are states which
are eigenstates of both the orbital angular momentum and the spin. In other words, they are
common eigenstates of L2, Lz, S

2, Sz.

Then there are the coupled states, which we are going to denote by |j,m′〉c. These are the
common eigenstates of J2, Jz, L

2 and S2. These states form an alternative basis. For this
reason, states in one of them can be expressed as the superpositions of the states in the
other basis. The expansion coefficients in these expressions are called the Clebsch-Gordan
coefficients. In this problem, you are going to compute some of these.

(a)50 i. Show that the coupled states |j,m′〉c are eigenstates of ~L · ~S. Find the corresponding
eigenvalue for each j.
Hint: There is a trick which is used a lot. Since ~J = ~L+ ~S, we have J2 = L2 + 2~L ·
~S + S2, which can be used to express ~L · ~S in terms of the other operators.
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ii. The coupled states for any j value can be written as∣∣∣∣j;m′ = m+
1

2

〉
c

= AY m
` |↑〉+BY m+1

` |↓〉 .

We can determine the values of A and B (the Clebsch-Gordan coefficients) by using

the eigenvalue equation for ~L · ~S. This is one possible method for the solution of this
problem among many others.
Instead of solving the problem for a general ` value, we are going to consider ` = 1
case from now on. In addition to this, we will concentrate on states where m′ = 1/2.
As a consequence, there are two coupled states of interest:∣∣∣∣32;

1

2

〉
c

= aY 0
1 |↑〉+ bY 1

1 |↓〉 ,∣∣∣∣12;
1

2

〉
c

= cY 0
1 |↑〉+ dY 1

1 |↓〉 ,

where a, b, c and d are some unknown coefficients. Solving the eigenvalue equation
for ~L · ~S, determine all of these unknown coefficients.

Hint: A useful identity is: ~L · ~S =
1

2
(L+S− + L−S+) + LzSz.

iii. Now, do the opposite and express the uncoupled states Y 0
1 |↑〉 and Y 1

1 |↓〉 as a super-
position of the coupled states.

iv. Which values can be obtained and what are the probabilities of obtaining each if J2

is measured in the state Y 0
1 |↑〉? What is 〈J2〉 in this state?

(b)50 Suppose that this particle has a Hamiltonian given by

H =
2f

~
~L · ~S ,

where f is a constant with the dimension of frequency. Such a Hamiltonian is seen for
electrons in atoms and the associated phenomenon is called spin-orbit interaction. This
interaction couples the orbital angular momenta with spins and it is the main reason why
the spin by itself is not conserved. Do all your calculations for the ` = 1 case.

i. What are the energy eigenvalues of this Hamiltonian? What is the degeneracy of
each level?

ii. Suppose that initially the particle is in the uncoupled state ψ(0) = Y 0
1 |↑〉. Express

the state at time t, ψ(t), (i) in coupled basis and (ii) in uncoupled basis.

iii. Spin flip probability, p↓(t), is the probability of finding this particle in spin down
state at time t (i.e., measurement of Sz gives −~/2). What is p↓(t)? When does this
probability become a maximum and what is the maximum value?

iv. By using ψ(t), compute the expectation value of each component of ~S, ~L and ~J .
After that answer the following:
α) Is the spin conserved?

β) Is the orbital angular momentum conserved?

γ) Is the total angular momentum conserved?

3.100 In a magnetic resonance experiment a magnetic dipole is placed inside a constant magnetic
field. When an electromagnetic wave is sent, the dipole absorbs parts of the incident energy
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depending on the separation of the energy levels of the dipole and the frequency of the wave.
A wealth of information can be gained about the dipole and its environment through the
investigation of the absorption spectrum. When dipoles in question are nuclear magnetic
moments, the spectroscopy is called Nuclear Magnetic Resonance (NMR), when it is the
magnetic moment of electrons it is called Electron Paramagnetic Resonance (EPR) or Electron
Spin Resonance (ESR).

In this problem we are going to investigate the behavior of the spin state of an electron in such
an experiment. We will ignore the transitions between different energy levels of the electron
and concentrate only on the coherent dynamics of electron spin. We assume that the constant
magnetic field is applied along z-direction and has magnitude B0. We also assume that a
left circularly polarized classical electromagnetic wave with frequency ω is sent towards the
positive z-direction. The electron will feel only the magnetic field component of the wave at
the position where electron is. The magnetic field that the electron experiences can be written
as B1(cosωtx̂ + sinωtŷ). In other words, the magnetic field has magnitude B1 and rotates
in counterclockwise direction on xy plane. You can see that a right circularly polarized wave
sent towards the negative z-axis has the same effect on the electron. The total magnetic field
the electron experiences is

~B(t) = B1(cosωtx̂+ sinωtŷ) +B0ẑ ,

and has both a time-dependent and time-independent component. We will ignore the positional
degree of freedom of the electron as usual. The Hamiltonian can be written as

H(t) = −~µ · ~B(t) = +µB~σ · ~B(t) ,

where µB is the Bohr magneton. You can use the following variables to simplify the notation:

ω0 =
2µBB0

~
, ω1 =

2µBB1

~
.

(a)10 First consider the case when there is no electromagnetic field (B1 = 0). What are the
energy eigenvalues and the corresponding eigenvectors? What is the characteristic fre-
quency for transitions between the ground and excited states (absorption can occur near
this frequency obviously).

(b)10 Now consider the case where there is an electromagnetic field (B1 6= 0). Write down the
Schrödinger’s equation for the spin state

ψ(t) =

[
a(t)
b(t)

]
.

(c)15 Solving for ψ(t) when the Hamiltonian is time dependent is in general a very difficult
problem. However, in this special case we can use a trick to convert the problem to
a time independent one. Remember that the magnetic field rotates on xy plane with
frequency ω. It is reasonable to expect that the spin does more or less a similar rotation.
If we follow this rotation, we should make the following time dependent transformation
of the state ψ(t) to ψ̃(t),

ψ(t) = D(ωtẑ)ψ̃(t) =

[
e−

i
2
ωt 0

0 e
i
2
ωt

]
ψ̃(t) .
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Obtain the Schrödinger’s equation for ψ̃(t) and find the corresponding Hamiltonian H̃. Is
H̃ time independent? (If so, you can continue solving this problem, if not, you cannot.)

Note: In here, we are converting a problem with a given Hamiltonian, to a different
problem with a solvable Hamiltonian. It is just a mathematical trick. The Hamiltonian H̃
has no physical meaning; it is just something that appears in a mathematical intermediate
step.

(d)15 You should have obtained an expression like H̃ = ~u · ~σ where ~u is a vector. What is the
length of this vector? What are its spherical angles? (~u = |u| (sin θ(cosφx̂ + sinφŷ) +
cos θẑ)). What are the energy eigenvalues of H̃? Let’s define ~Ω as the difference between
the energy eigenvalues of H̃. What is Ω? [In the rest of this problem, you may want to
use Ω and spherical angles to simplify the expressions you will obtain.]

(e)15 What is the time-development operator for ψ̃(t)? (i.e., find Ũ(t) satisfying ψ̃(t) =

Ũ(t)ψ̃(0). You can do this by solving for the eigenvectors of H̃ or by simply taking
the exponential of H̃.) What is the time development operator for ψ(t)?

Hint-1: Remember the related HW-1 problem: exp(iασu) = cosαI + i sinασu.

Hint-2: Also remember the related HW-3 problem 3.

(f)10 Now suppose that the electron is initially (at t = 0) in its ground state, which is usually
the case. What is ψ(t)?

(g)10 Let P (t) be the probability of finding the electron to be in the excited state at time t for
the solution in part (f). What is P (t)? As a function of time, P (t) reaches to a maximum,
Pmax. What is Pmax?

(h)15 We can think of Pmax as the maximum probability of energy absorption from the field.
As a result, it is a quantity proportional to the absorption rate. Plot Pmax as a function
of field frequency, ω. At which frequency Pmax become largest (resonance condition)?
What is the value of Pmax for this frequency? Also plot Pmax vs. ω curve for two different
values of ω1, which is related to the field intensity. How does the resonance curve change
when the field intensity is decreased?
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Final Examination

Due: January 16, Thursday, 17:30
Notes: The rules for the take-home examination are the same. (i) You may not get
help from any person, (ii) you may not even discuss the problems, (iii) you may use
any textbook, although Sakurai would be sufficient.

1. Consider a three-level system with the Hamiltonian

H =

 Eg −iλa λb
iλa Eg λc
λb λc Eg + ∆

 = H0 + λV ,

where Eg, ∆, a, b and c are real numbers and λ is a small real parameter that can be
varied. In this problem, we will consider H as a perturbed Hamiltonian and expand
its eigenvalues and eigenvectors in λ. Note that the unperturbed Hamiltonian, H0

has two degenerate ground levels with energy Eg and one non-degenerate excited
level with energy Eg + ∆.

(a) Start with the excited level (level 3). Expand the energy eigenvalue E3 up to
(including) second-order and the eigenvector (call it u3) up to first order in λ.

(b) Consider the ground levels (levels 1 and 2). Find the appropriate “zeroth-order

states” (that is u
(0)
1 and u

(0)
2 ). After that, expand the energy eigenvalues (E1

and E2) up to second order and the eigenvectors (u1 and u2) up to first order
in λ.

2. We know how to find the exact solution of the harmonic oscillator Hamiltonian

H0 =
p2

2m
+

1

2
mω2x2 .

Although for small amplitude (low-energy) oscillations this Hamiltonian is very use-
ful, the real oscillators are never harmonic. A correct Hamiltonian would include
higher order terms

Hreal =
p2

2m
+

1

2
mω2x2 + λx3 + Kx4 + · · ·

The presence of the unharmonic terms can be understood simply by looking at the
emission (or the absorption) spectrum of the oscillator. For the harmonic oscillator,
the transitions are between two succeeding levels (n+1 → n for emissions) and each
such transition will involve a photon at the exact angular frequency ω. As a result,
there will be only one line in the emission spectrum. However, for an unharmonic
oscillator, more than one line will be present. In this problem, we will try to find
how the emission spectrum is altered by the presence of the unharmonic terms.

1



(a) Suppose that there is a third-order term in the potential energy (λ 6= 0). (The
bond-stretching oscillations of the H2 molecule is a good example of this.) We
will ignore the fourth and the higher order terms assuming that they are smaller
than the third-order term. The Hamiltonian is

H =
p2

2m
+

1

2
mω2x2 + λx3 .

Calculate the lowest order nonvanishing corrections to the energy of the nth
level of the oscillator. Also, calculate the angular frequency of the photon
emitted in the n + 1 → n transition.

(b) In systems with inversion or a similar kind of symmetry, the potential energy
cannot have odd-powered terms in its expansion. (The bond-bending modes of
the CO2 molecule is a good example of this.) The lowest unharmanic term in
such cases is of fourth order and the Hamiltonian can be expressed as (again
ignoring higher order terms)

H =
p2

2m
+

1

2
mω2x2 + Kx4 .

Again find the lowest order nonvanishing corrections to the energy of the nth
level, and find the angular frequency of the photon for n + 1 → n transition.

(c) By just looking at the emission spectrum, can you tell whether a real oscillator
has a third-order or a fourth order unharmonic terms?

3. Consider an electron in a uniform magnetic field ~B = B(cos θẑ + sin θx̂). The
Hamiltonian describing the spin motion of the electron is

Hspin = −~µ · ~B = +µB~σ · ~B
where µB = geh̄

4mc
is the Bohr magneton. Use ω = 2µBB/h̄ whenever it is convenient.

(a) Find the eigenvalues (E1 and E2) and the normalized eigenvectors (u1 and u2)
of the Hamiltonian.

(b) Suppose that at t = 0 the electron is in a spin-up state along z-axis, and its
spinor is

χ(t = 0) =

[
1
0

]
.

Expand χ(0) in the basis of the eigenvectors of H. That is find c1 and c2 such
that χ(0) =

∑
n cnun.

(c) Using the expansion obtained in part (b) find the spinor at time t. (χ(t) =?)

(d) What is the probability that the electron will be found in a spin-down state
along z at time t? At which times is this probability a maximum?

(e) What is the probability that the electron will be found in a spin-up state along
x at time t? At which times is this probability a maximum?

(f) Calculate the spinor one period later. That is, find χ(T = 2π
ω

). Why is it that
χ(T ) 6= χ(0)?

2


