
PHYS 507
Homework I

Due: October 8, 2002, Tuesday.
Notes: Homework policy: You can discuss the problems with your friends but what you write on your
homework should be your own solution. For late homeworks 10% of the total points will be taken off
for each day after the due date.

1. (a) Let |α〉 be a vector in a Hilbert space. You have found out that for all possible vectors |γ〉 in
the Hilbert space, the inner product 〈γ|α〉 vanishes. [That is 〈γ|α〉 = 0 for all |γ〉]. Show that
this implies |α〉 = 0.

(b) Suppose that |α〉 and |β〉 are vectors such that

〈γ|α〉 = 〈γ|β〉

for all vectors |γ〉. Show that this implies |α〉 = |β〉.

2. By a projection operator we mean a hermitian operator, P , that satisfies P 2 = P . For such a P ,
prove the following.

(a) 1 − P is also a projection operator.

(b) All eigenvalues of P are 0 and 1.

(c) Suppose that |α〉 is an arbitrary ket. Show that, if they are non-zero, P |α〉 and (1−P )|α〉 are
eigenkets of P with eigenvalues 1 and 0 respectively.

(d) Suppose now that X is a hermitian operator with three distinct eigenvalues and it satisfies
(X − λ1)(X − λ2)(X − λ3) = 0 where λk, (k = 1, 2, 3) are the eigenvalues. Let

P =
(X − λ2)(X − λ3)
(λ1 − λ2)(λ1 − λ3)

.

Show that P is a projection operator. [Hint: What is XP?]

(e) For the case in part (d) above, show that if |α〉 is an eigenket of P with eigenvalue 1, then it
is also an eigenket of X with eigenvalue λ1.

3. This problem is a basic matrix example of hermitian operators and their eigenkets. Consider the
matrix

X =
[

1 −2i
2i 1

]
.

(a) Find the eigenvalues λ1 and λ2 and their corresponding normalized (column) eigenvectors u1

and u2.

(b) Show that u1 and u2 are orthogonal by direct matrix product.

(c) Calculate the matrices P1 = u1u
†
1 and P2 = u2u

†
2. Show that both P1 and P2 are projection

operators.

(d) Verify that P1 + P2 = I, the identity matrix.

(e) Verify that λ1P1 + λ2P2 = X.

(f) Verify that λ2
1P1 + λ2

2P2 = X2.

(g) Finally, verify that 1
λ1

P1 + 1
λ2

P2 = X−1, the inverse of the matrix X.

[Note: In Dirac notation we would write P1 = |u1〉〈u1| and P2 = |u2〉〈u2|.]

4. Suppose that we have a 2-dimensional Hilbert space with the orthonormal basis {|1〉, |2〉}. The
operator A is defined as A = |2〉〈1|. Show the following
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(a) A2 = 0.
(b) A†A + AA† = 1.
(c) AA†A = A and A†AA† = A†.
(d) Find all eigenkets of the operator A. Do the eigenkets form a basis?

5. Let {|αn〉, n = 1, 2, . . .} be an orthonormal basis. Suppose that there is another orthonormal basis
{|βn〉, n = 1, 2, . . .} which might be distinct from the basis |αn〉. Let U =

∑
n |βn〉〈αn|. Show that

U is unitary (that is, verify that U†U = UU† = 1).

Summary of things we have seen.

Inner product: 〈α|β〉.
• Linear in β : if |β〉 = c1|β1〉 + c2|β2〉 then 〈α|β〉 = c1〈α|β1〉 + c2〈α|β2〉.

• Anti-linear in α : if |α〉 = d1|α1〉 + d2|α2〉 then 〈α|β〉 = d∗1〈α1|β〉 + d∗2〈α2|β〉.

• 〈α|β〉∗ = 〈β|α〉.

• 〈α|α〉 is real and non-negative.

• if 〈α|α〉 = 0 then |α〉 = 0.

norm: ‖α‖ =
√

〈α|α〉.

Hermitian conjugate:

• 〈α|X|β〉∗ = 〈β|X†|α〉,

• 〈α|Xβ〉 = 〈X†α|β〉,

• (XY )† = Y †X†,

• (cX + dY )† = c∗X† + d∗Y †,

• (X†)† = X.

Dirac Notation:

• |α〉† = 〈α|,

• if |α〉 = X|β〉 then 〈α| = 〈β|X†,

• (|α〉〈β|)† = |β〉〈α|,

• 1 =
∑

n |αn〉〈αn| for any othonormal basis |αn〉,

• |β〉 = 1 · |β〉 =
∑

n |αn〉〈αn|β〉,

• 〈β| = 〈β| · 1 =
∑

n〈β|αn〉〈αn|,

• X = 1 · X · 1 =
∑

n,m |αn〉〈αn|X|αm〉〈αm| =
∑

n,m Xnm|αn〉〈αm|.

Special Operators:

• X is hermitian if X† = X,

• U is unitary if U†U = UU† = 1,

• N is normal if N†N = NN†,

• Hermitian and unitary operators are normal.

• For any normal operator N , there is a complete orthonormal basis formed by eigenkets of N , that
is N =

∑
n λn|αn〉〈αn|, where {|αn〉} is an orthonormal basis and N |αn〉 = λn|αn〉.
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PHYS 507
Homework I

Due: March 14, 2003, Friday.
Notes: Rules: You can discuss and solve the problems with your friends. However, you
should write your own solution on your homework. Otherwise the whole purpose of the
homework will be lost. For homeworks turned in after the due date, the grade will be
lowered by 10% for each calender date it is late. The solutions will be posted to the web
page http://www.physics.metu.edu.tr/˜sturgut/p507/ on the following Monday.

1. Consider an experiment where linearly polarized photons are incident on a linear
polarizer. If the angle between the photons’ polarization direction and x-axis is θ,
we have argued that the quantum mechanical state of the photons can be represented
by

χ =

[
cos θ
sin θ

]
.

On the other hand if θ is the angle for the polarizer, then all photons that pass it
will be in the state written above.

(a) Suppose that the incident photons have polarization angle θ and the polarizer
has angle θ′. What is the probability that the photons pass the polarizer?

(b) Now, suppose that incident photons are horizontally polarized (θ = 0). How-
ever, on its path there are N different linear polarizers with the angle of the nth
polarizer being θ′n = π

2N
n radians (n = 1, 2, · · · , N). The photons are incident

on the first polarizer and if they pass they go to the second and so on. Assume
that each polarizer either transmits the photons or absorbs them. What is the
probability that a photon will pass all N polarizers? What is this probability
in the limit N −→ ∞? What is the polarization angle of photons when they
come out the last polarizer?

(c) For the experiment in part (b), calculate the probability of photons being ab-
sorbed in the large N limit. (Find the lowest non-vanishing expression in this
limit.)

2. Consider the matrix

X =

[
2 −i
i 2

]
.

(a) Find the eigenvalues λ1 and λ2 and their corresponding normalized (column)
eigenvectors u1 and u2.

(b) Show that u1 and u2 are orthogonal by direct matrix product.

(c) Verify that u1u
†
1 + u2u

†
2 = I, the identity matrix.

(e) Verify that λ1u1u
†
1 + λ2u2u

†
2 = X.

(f) Verify that λ2
1u1u

†
1 + λ2

2u2u
†
2 = X2.
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(g) Finally, verify that 1
λ1

u1u
†
1 + 1

λ2
u2u

†
2 = X−1, the inverse of the matrix X.

(Note: unu
†
n corresponds to |un〉〈un| in Dirac notation.)

3. Consider the operator C = | ↑〉〈↓ | acting on spin states of an electron.

(a) What is A2?

(b) What is A†?

(c) What is A†A + AA†?

(d) Suppose that a normalized ket |χ〉 = c1| ↑〉 + c2| ↓〉 is an eigenket of A with
eigenvalue λ. Express the eigenvalue equation in terms of a, b and λ. Find all
eigenvalues and the corresponding eigenkets.

4. An operator A is called normal if it commutes with its hermitian conjugate: [A, A†] =
0. Show that we can express A as A = X + iY where X and Y are mutually
commuting hermitian operators.

5. Consider two hermitian operators X and Y .

(a) Show that the commutator [X,Y ] is anti-hermitian.

(b) Show that the product XY is hermitian only if X and Y commute.
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PHYS 507
Homework I

Assigned: October 1, 2003, Wednesday.
Due: October 10, 2003, Friday, at 5:00 pm.
Notes: (i) You can discuss and solve the problems with your friends. However, you should
write your own solution on your homework. Directly copying other people’s solutions kills
millions of brain cells and is considered harmful to your health. (ii) For homeworks turned
in after the due date, the grade will be lowered by 10% for each calender date it is late. The
solutions will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/
on the following Monday. No late homeworks will be accepted after the solutions is posted.
(iii) Excessive usage of papers is harmful to our trees. You do not need to provide every
detail in presenting your solutions.

1. In a Stern-Gerlach experiment, the apparatus is oriented in a particular direction and
the values of an observable (called A) is measured for each incident particle. In the
experiment two possible values are found for the observable A. Either the value is
a1 = +1 and in that case the incident particles collapse into the state

u1 = N

[

1 − i
2

]

or the value a2 = −1 is found and the particles collapse into another state denoted by
u2.

(a) Find a number N so that u1 is normalized.

(b) Calculate u2 (and make sure that it is normalized).

(c) Express the observable A in matrix form.

(d) A particle enters the apparatus in the state

χ =
1√
2

[

1
−i

]

.

What is the probability of measuring A to be a1 = +1? What is the probability
of measuring it to be a2 = −1?

(e) What is the expectation value of A in the state χ?

2. Consider the matrix

X =

[

5 2i
−2i 2

]

.

(a) Find the eigenvalues λ1 and λ2 and their corresponding normalized (column)
eigenvectors u1 and u2.

(b) Show that u1 and u2 are orthogonal by direct matrix product.
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(c) Verify that

u†
1
X = λ1u

†
1

,

u†
2
X = λ2u

†
2

.

(These equations are expressed as 〈uj|X = 〈uj|λj (for j = 1, 2) in in Dirac
notation.)

(d) Calculate the matrices P1 = u1u
†
1

and P2 = u2u
†
2

and verify that (i) P 2

1
= P1, (ii)

P 2

2
= P2 and (iii) P1P2 = P2P1 = 0.

(e) Verify that u1u
†
1
+ u2u

†
2

= I, the identity matrix.

(f) Verify that λ1u1u
†
1
+ λ2u2u

†
2

= X.

(Note: unu†
n corresponds to |un〉〈un| in Dirac notation.)

3. We know that when we send horizontally polarized light to
a vertically oriented polarizer, no light can pass it. But, if a
new polarizer is placed in front of the other one, depending
on the orientation angle, some light can leak through. Con-
sider an experiment where horizontally polarized photons
impinge on a polarizer whose axis makes an angle θ with
the horizontal. If the photons pass it, they then go to a
vertical polarizer.

x

y

θ

(a) What is the normalized state of the photons (i) before all, (ii) after passing the
first polarizer and (iii) after passing both polarizers?

(b) What is the probability that a photon passes both polarizers?

(c) Consider the intensity of light that passes both polarizers. At which values of θ
does this intensity become a maximum?

4. Suppose that {|0〉, |1〉, |2〉, . . .} is an orthonormal basis of some Hilbert space. An
operator A is defined as

A = |1〉〈0| +
√

2|2〉〈1| +
√

3|3〉〈2| + · · · =
∞

∑

m=0

√
m + 1|m + 1〉〈m| .

(a) Calculate A†, AA† and A†A.

(b) Show that [A,A†] = −1.

5. Show that if two observables A and B do not commute, then 〈AB〉 can be a complex
number. Provide a concrete example for this. (Hint: Im 〈AB〉 = (〈AB〉 − 〈AB〉∗)/2i.)
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PHYS 507
Homework I

Assigned: March 2, 2004, Tuesday.
Due: March 12, 2004, Friday, at 5:00 pm.
Notes: (i) You can discuss and solve the problems with your friends. However, you should
write your own solution on your homework. Directly copying other people’s solutions kills
millions of brain cells and is considered harmful to your health. (ii) For homeworks turned
in after the due date, the grade will be lowered by 10% for each calender date it is late. The
solutions will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/
on the following Monday. No late homeworks will be accepted after the solutions is posted.
(iii) Excessive usage of papers is harmful to our trees. You do not need to provide every
detail in presenting your solutions.

1. A photon is in the following polarization state

ψ = N

[
1 + i
−i

]
.

where N is a normalization constant which makes ψ normalized (i.e., 〈ψ|ψ〉 = 1). As
usual the photon moves along z axis and the components of ψ are associated with the x
and y directions. Assume that in the following the polarizers either transmit or reflect
the photon.

(a) Find a value for the normalization constant.

(b) If the photon is incident on a linear polarizer with polarization axis along x, what
is the transmission probability? What is the reflection probability?

(c) Instead, the photon is sent on a linear polarizer whose polarization axis is making
a 45o angle with x-axis (i.e., along x̂+ ŷ). Let u1 be the state the photon collapses
to if it is transmitted and u2 be the corresponding state for reflection. (i) What
are u1 and u2? (ii) Express ψ as a superposition of u1 and u2 (i.e., ψ = au1 + bu2,
find a, b). (iii) What are the transmission and reflection probabilites?

(d) Finally, consider the case where the photon is incident on a circular polarizer
which transmits right-circularly polarized light. (i) What are uR and uL, the
states to which the collapse occurs? (ii) Express ψ as a superposition of uR and
uL. (iii) What are the transmission and reflection probabilites?

2. A certain polarizer transmits all photons that are prepared in the state

1√
10

[
1 + 2i
2 + i

]
.

On the other hand if we prepare all photons in some other state ψ, all photons are
blocked by the polarizer. What is ψ?
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3. Consider the matrix

M =

[
2 1
0 1

]
.

We know that since this matrix is not hermitian, it cannot correspond to a physical
observable. Find a state ψ that makes the expectation value 〈ψ|M |ψ〉 complex and
not real.

4. Let ψ be an arbitrary state for a two-level system which we represent by

ψ =

[
a
b

]

where a and b are complex numbers such that |a|2 + |b|2 = 1.

(a) Calculate 〈σx〉, 〈σy〉 and 〈σz〉 and show that all are real numbers.

(b) Show that
〈σx〉2 + 〈σy〉2 + 〈σz〉2 = 1 .

5. In quantum physics it may not be possible to measure two observables at the same
time. This problem shows you why. Suppose that you want to measure σz and σx for
an electron with spin-up along z, i.e., in the state

ψ =

[
1
0

]
.

You might choose (i) to measure σz first and then measure σx. Or you change the
order of measurements, i.e., (ii) you measure σx first, then σz.

(a) First suppose you follow (i): You measure σz first. Which value do you get? To
which state the collapse occurs? Immediately after that, you measure σx. Which
values do you get and what are the probabilities of each?

(b) Suppose that you follow (ii) instead: Measure σx first. Which values do you
get, what are the probabilities of obtaining each and to which states the collapse
occurs? Next, for each possible outcome of the σx measurement, you measure σz.
Which values can be obtained and what are the probabilities of obtaining each?
(Do this for all possible outcomes of σx measurement.)

(c) Calculate the probability of obtaining σz to be −1 (spin-down along z) in part
(b), irrespective of what you have obtained for σx.

(d) Do the experiments (i) and (ii) give different results? (If so, then no meaning can
be attached to “measure σz and σx at the same time”)
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PHYS 507
Homework I (Fall ’04)

Assigned: October 6, 2004, Monday.
Due: October 15, 2004, Friday, at 5:00 pm.
Notes: (i) You can discuss and solve the problems with your friends. However, you should
write your own solution on your homework. Directly copying other people’s solutions kills
millions of brain cells and is considered harmful to your health. (ii) For homeworks turned
in after the due date, the grade will be lowered by 10% for each calender date it is late. The
solutions will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/.
No late homeworks will be accepted after the solutions is posted. (iii) Excessive usage of
papers is harmful to our trees. You do not need to provide every detail in presenting your
solutions.

1. In an experiment classical light moving along z-axis passes from two polarizers. Light
is horizontally polarized (along x-axis) with maximum value of electric field along x-
axis being E. First polarizer makes an angle θ with the x-axis and the second one is

oriented along y axis.

x

y

θ

(a) What is the polarization of light when it leaves the second polarizer? What is the
maximum electric field along x and y axes?

(b) What fraction of incident energy passes from both polarizers?

(c) If, instead of classical light, a single horizontally polarized photon is sent to the
apparatus, what is the probability that the photon passes both polarizers? What
is the final polarization of the photon if it passes both polarizers?

(d) For which angle θ is this probability a maximum and what is the value of proba-
bility for this case?

2. A certain polarizer transmits all photons that are prepared in the state

u1 =
1√
5

[
1
2i

]
.

On the other hand if we prepare all photons in some other state u2, all photons are
blocked by the polarizer.

(a) What is u2?
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(b) A photon with polarization state

ψ =

[
1
0

]

(horizontal polarization) is sent to this polarizer. What is the probability that
the photon will be transmitted? To which state does the collapse occur if it is
transmitted?

3. Consider an observable A represented by the matrix

A =

[
4 2i
−2i 1

]
.

(a) Calculate the eigenvalues (λ1 and λ2) and the corresponding normalized eigen-
vectors (u1 and u2) of A.

(b) By direct calculation verify that (i) u†1u2 = 0, (ii) u1u
†
1 + u2u

†
2 = I, the identity

matrix, (iii) λ1u1u
†
1 + λ2u2u

†
2 = A, and (iv) λ2

1u1u
†
1 + λ2

2u2u
†
2 = A2.

4. Suppose that the kets {|1〉 , |2〉} form an orthonormal basis for a two dimensional
Hilbert space. An operator B has the following action on the base kets.

B |1〉 = i |1〉+ (2 + i) |2〉 , B |2〉 = (1 + 3i) |1〉 .

(a) What are 〈1|B† and 〈2|B†?

(b) Using the results in part (a) calculate B† |1〉 and B† |2〉.
5. Let {|H〉 , |V 〉} be an orthonormal basis for a two-dimensional Hilbert space (such as

the one used for describing polarization state of photons). The kets |R〉 and |L〉 are
defined as

|R〉 =
1√
2

(|H〉 − i |V 〉) , |L〉 =
1√
2

(|H〉+ i |V 〉) .

Using the Dirac notation of kets and bras,

(a) Show that {|R〉 , |L〉} is an orthonormal set. (This will imply that it is also a
basis.)

(b) Show that |R〉 〈R|+ |L〉 〈L| = |H〉 〈H|+ |V 〉 〈V |. (The identity operator)

(c) Express the operator σ2 = |L〉 〈L| − |R〉 〈R| in terms of the bras and kets of |H〉
and |V 〉.

(d) What is the matrix representation of σ2 in the basis {|H〉 , |V 〉}? What is it in
the basis {|R〉 , |L〉}? (Matrix representation depends on the basis used. In here
we get two different matrices representing the same operator.)
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PHYS 507
Homework I (Fall ’04)

Assigned: March 2, 2005, Wednesday.
Due: March 11, 2005, Friday, at 5:00 pm.
Notes: (i) You can discuss and solve the problems with your friends. However, you should
write your own solution on your homework. Directly copying other people’s solutions kills
millions of brain cells and is considered harmful to your health. (ii) For homeworks turned
in after the due date, the grade will be lowered by 10% for each calender date it is late. The
solutions will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/.
No late homeworks will be accepted after the solutions is posted. (iii) Excessive usage of
papers is harmful to our trees. You do not need to provide every detail in presenting your
solutions.

1. (a) A right circularly polarized photon is sent to a linear polarizer whose polarization
direction makes an angle θ with the x-axis. What are the probability amplitudes
for transmission and reflection? What are the probabilities?

(b) A linearly polarized photon with E-field making an angle θ is sent to a circular
polarizer. What are the probability amplitudes and probabilities for the photon
to appear with right and left circular polarizations respectively.

2. A certain type of polarizing beam splitter transmits all photons prepared in the state

1√
14

[
2

1 + 3i

]
,

and reflects all photons prepared in another state ψ. What is ψ?

3. Consider a photon in the following polarization state

ψ =
1

5
√

2

[
5

3 + 4i

]
.

We have called these kind of states as “elliptically polarized” but did not give the
details. In such a state, the electric field is maximum in a certain direction (say with
angle θ0) and minimum in another direction. One way to determine these directions
is to use a linear polarizer. The directions of the polarizer where the transmission
probability is maximum and minimum gives these directions. Of course you have to
repeat the experiment with many photons (e.g., classical waves) to actually determine
these directions. Suppose that you use a polarizer making an angle θ with the x-axis.

(a) Find the probability of transmission as a function of θ.

(b) At which angle this probability is a maximum (call this θ0)? At which angle it is
a minimum (call this θ′0)? Are these two directions perpendicular to each other?

(c) What are the maximum and minimum values of probabilities, pmax and pmin?

(d) Is it a coincidence that we have pmax + pmin = 1?
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4. Consider an observable A represented by the matrix

A =

[
4 1− i

1 + i 5

]
.

(a) Calculate the eigenvalues (λ1 and λ2) and the corresponding normalized eigen-
vectors (u1 and u2) of A.

(b) By direct calculation verify that (i) u†1u2 = 0.

(c) Calculate the matrices P1 = u1u
†
1 and P2 = u2u

†
2 and show that (i) P1 + P2 = I,

(ii) λ1P1 + λ2P2 = A, (iii) P1P2 = P2P1 = 0.

(d) The definition of P1 and P2 implies that AP1 = λ1P1 and AP2 = λ2P2 (this can
also be verified by direct matrix product). Use this to calculate an expression for
An. (Hint: An=AnI)

5. An electron is in the following spin state

|ψ〉 = cos
θ

2
|↑〉+ eiφ sin

θ

2
|↓〉 ,

where |↑〉 and |↓〉 are eigenstates of Sz.

(a) What are the probabilities of finding the spin to be up when (i) Sx is measured,
(ii) Sy is measured and (iii) Sz is measured?

(b) Calculate 〈Sx〉, 〈Sy〉 and 〈Sz〉.
(c) Show that 〈

~S
〉

=
h̄

2
n̂ ,

where n̂ is a unit vector. (For this reason we call the state |ψ〉 as the spin-up
state along n̂.)
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PHYS 507
Homework I (Fall ’05)

Assigned: September 28, 2005, Wednesday.
Due: October 7, 2005, Friday, at 5:00 pm.
Notes: (i) You can discuss and solve the problems with your friends. However, you should
write your own solution on your homework. Directly copying other people’s solutions kills
millions of brain cells and is considered harmful to your health. (ii) For homeworks turned
in after the due date, the grade will be lowered by 10% for each calender date it is late. The
solutions will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/.
No late homeworks will be accepted after the solutions is posted. (iii) Excessive usage of
papers is harmful to our trees. You do not need to provide every detail in presenting your
solutions.

1. (a) A certain type of polarizing beam splitter transmits all photons prepared in the
state

u1 =
1√
3

[
2

1− i

]
,

and reflects all photons prepared in another state u2. What is u2?

(b) A linearly polarized photon with state

ψ =
1√
2

[
1
1

]

is send towards the beam splitter. What are the probability amplitudes and
probabilities of transmission and reflection?

2. Consider an observable A represented by the following 2× 2 matrix,

A =

[
2 i
−i 2

]
.

(a) What are the eigenvalues λ1 and λ2 and the corresponding normalized eigenvectors
u1 and u2?

(b) Verify by numerically computing that 〈u1|u2〉 = u†1u2 = 0.

(c) Verify by direct matrix product that u†jA = λju
†
j for j = 1, 2.

(d) Let P1 = u1u
†
1 and P2 = u2u

†
2. Verify that these matrices are hermitian and

satisfy P 2
j = Pj (for j = 1, 2). (Such matrices are called projection matrices.)

(e) Verify that P1 + P2 = I, the identity matrix.

(f) Verify that λ1P1 + λ2P2 = A.

3. For a spin 1/2 particle, let Sn represent the component of spin along direction n̂. The
spin-up state along n̂ is given as (probably we are going to show this in class)

|n̂, ↑〉 = cos
θ

2
|↑〉+ eiφ sin

θ

2
|↓〉 ,

where θ and φ are the spherical angles for the direction n̂ is pointing to, in other words,
n̂ = sin θ(cos φx̂ + sin φŷ) + cos θẑ.
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(a) Consider the state |−n̂, ↑〉 where the spin is up along −n̂. This state can also
be interpreted as the spin-down state along +n̂. Finding the spherical angles for
−n̂, compute |−n̂, ↑〉 and show that it is orthogonal to |n̂, ↑〉.

(b) Suppose that the particle is in the state |n̂, ↑〉 and a Stern-Gerlach apparatus is
measuring Sm, component of the spin along m̂, where m̂ is another unit vector
with spherical angles θ′ and φ′. What is the probability that the measurement
gives “spin-up along m̂” result?

(c) Obviously, due to the rotational symmetry, your answer to part (b) should depend
only on the angle between n̂ and m̂. In other words, the result can be expressible
in terms of the dot product n̂ · m̂ only. Find this expression.

(d) What is the probability that the measurement in part (b) gives “spin-down along
m̂” result?

(e) What is the expectation value 〈Sm〉?
4. Let A be a 2×2 matrix which can be expressed as A = V1σx +V2σy +V3σz where σj are

Pauli spin matrices, and Vj are arbitrary three real numbers (such as the components
of a real 3D vector).

(a) Verify by direct matrix multiplication that A2 = cI where c is a scalar number.
What is c?

(b) Let λj be the eigenvalues of A and uj are the corresponding eigenvectors. Ob-
viously we have the eigenvalue equation: Auj = λjuj. Using the relation in (a),
find what these eigenvalues might be?

2



PHYS 507
Homework I (Spring ’06)

Assigned: February 13, 2006, Monday.
Due: February 22, 2006, Wednesday, at 5:00 pm.
Notes: (i) You can discuss and solve the problems with your friends. However, you should
write your own solution on your homework. Directly copying other people’s solutions
kills millions of brain cells and is considered harmful to your health. (ii) The solutions
will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/. No late
homeworks will be accepted after the solutions is posted. (iii) Excessive usage of papers is
harmful to our trees. You do not need to provide every detail in presenting your solutions.

1. Suppose that {|1〉 , |2〉 , |3〉} forms an orthonormal basis for a 3 dimensional Hilbert
space. An operator A on that space has the following action on base kets,

A |1〉 = (2 + i) |2〉 ,

A |2〉 = i |1〉+ 3 |3〉 ,

A |3〉 = (1 + 3i) |1〉 .

(a) What are 〈1|A†, 〈2|A† and 〈3|A†?

(b) Express A in Dirac notation (as a sum of ket-bra products). (Hint: A = A1)

(c) What are 〈1|A, 〈2|A and 〈3|A?

(d) What are A† |1〉, A† |2〉 and A† |3〉?
2. Consider an observable A represented by the following 2× 2 matrix,

A =

[
3 −2i
2i 3

]
.

(a) What are the eigenvalues λ1 and λ2 and the corresponding normalized eigenvectors
u1 and u2?

(b) Verify by numerically computing that 〈u1|u2〉 = u†1u2 = 0.

(c) Verify by direct matrix product that u†jA = λju
†
j for j = 1, 2.

(d) Verify that u1u
†
1 + u2u

†
2 = I, the identity matrix.

(e) Verify that λ1u1u
†
1 + λ2u2u

†
2 = A.

3. Consider a 2 dimensional Hilbert space where {|↑〉 , |↓〉} forms a basis. Two vectors
are defined as follows

|ϕ1〉 = cos
θ

2
|↑〉+ eiφ sin

θ

2
|↓〉 ,

|ϕ2〉 = − sin
θ

2
|↑〉+ eiφ cos

θ

2
|↓〉 .

(a) Is the set {|ϕ1〉 , |ϕ2〉} an orthonormal basis?

1



(b) Verify by expanding that |ϕ1〉 〈ϕ1|+ |ϕ2〉 〈ϕ2| = 1.

(c) Let A = |ϕ1〉 〈ϕ1| − |ϕ2〉 〈ϕ2|. What are the eigenvalues and the corresponding
eigenkets of A? What is A2?

4. Consider the 2× 2 matrix A,

A =

[
0 0
1 0

]
.

(a) Show that A is not a normal operator by computing AA† and A†A.

(b) Compute all eigenvalues and eigenvectors of A. How many eigenvectors can you
find?

5. Let column vectors v1 and v2 be defined as

v1 =
1√
3

[
1

1 + i

]
, v2 =

1√
3

[
1 + i
−i

]
.

(a) Is {v1, v2} an orthonormal basis?

(b) Let

w =

[
3
2

]

be an unnormalized vector. Expand w in the basis {v1, v2}, i.e., find coefficients
c1, c2 in w = c1v1 + c2v2.

(c) Verify that ||w||2 = |c1|2 + |c2|2.

2



PHYS 507
Homework I (Fall ’06)

Assigned: October 20, 2006, Friday.
Due: November 1, 2006, Wednesday, at 5:00 pm.
Notes: (i) You can discuss and solve the problems with your friends. However, you should
write your own solution on your homework. Directly copying other people’s solutions
kills millions of brain cells and is considered harmful to your health. (ii) The solutions
will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/. No late
homeworks will be accepted after the solutions is posted. (iii) Excessive usage of papers is
harmful to our trees. You do not need to provide every detail in presenting your solutions.

1. Suppose that {|1〉 , |2〉} forms an orthonormal basis for a 2 dimensional Hilbert space.
An operator A on that space has the following action on base kets,

A |1〉 = i |1〉+ (2 + 3i) |2〉 ,

A |2〉 = (7− 5i) |1〉 .

(a) What are 〈1|A† and 〈2|A†?

(b) Express A in Dirac notation (as a sum of ket-bra products). (Hint: A = A1)

(c) What are 〈1|A and 〈2|A?

(d) What are A† |1〉 and A† |2〉?
2. Consider an observable B represented by the following 3× 3 matrix,

A =




0 1 0
1 0 1
0 1 0


 .

(a) Find all eigenvalues λj and the corresponding normalized eigenvectors uj (j =
1, 2, 3.

(b) Verify by numerically computing that 〈u1|u2〉 = u†1u2 = 0.

(c) Verify that u1u
†
1 + u2u

†
2 + u3u

†
3 = I, the identity matrix.

(d) Verify that λ1u1u
†
1 + λ2u2u

†
2 + λ3u3u

†
3 = A.

(e) What is (A4 − 2)4? (Hint: it is easy to find the result using the spectral decom-
position in (d)).

3. Consider a physical system having a 3-dimensional Hilbert space, i.e., its states are
represented by 3×1 column vectors. In a particular experiment the system is prepared
in the state

ψ =
1

2
√

2




1
1
2i


 ,

and the observable A described in question 2 is measured.

1



(a) Which values can be obtained as the measurement result?

(b) What are the corresponding probabilities of those possible results?

(c) To which state does the collapse occur for each possible result?

(d) What is the average value of measurement results, 〈A〉 =?

(e) What is standard deviation (uncertainty) of the measurement results, ∆A =?

4. We have shown in class that for an electron, the spin-up state along a direction n̂ =
sin θ(cos φx̂ + sin φŷ) + cos θẑ can be expressed as

|n̂, ↑〉 = cos
θ

2
|↑〉+ eiφ sin

θ

2
|↓〉 .

Consider an experiment where the electron is in state |n̂, ↑〉 and the component of spin

along m̂, i.e., Sm = ~S · m̂ is measured, where m̂ is another arbitrary direction with
spherical angles θ′ and φ′. (m̂ = sin θ′(cos φ′x̂ + sin φ′ŷ) + cos θ′ẑ)

(a) Compute the probability that the measurement of Sm gives the value +h̄/2
(trigonometric half-angle formulas are needed to be used here). Show that this
probability depends only on the angle between the directions n̂ and m̂. [In class,
we have used this assumption to compute the probability. In here directly verify
that the assumption we have made on physical grounds is indeed correct.]

(b) Compute the probability that the measurement of Sm gives the value −h̄/2. (You
may directly use the result of (a).)

(c) What is 〈Sm〉 in the state |n̂, ↑〉?
5. An electron is initially in the spin state |z, ↑〉 = |↑〉. Three successive spin measure-

ments are carried on this electron: (i) First Sz is measured, (ii) then Sx is measured
and (iii) finally Sz is measured again.

(a) What is the uncertainty ∆Sz for the first measurement (i)?

(b) Suppose that in measurement (ii) we have found Sx to be +h̄/2. What is the
uncertainty ∆Sz for the last measurement (iii)?

(c) What can you say about the operators Sx and Sz based on the difference of the
answers you gave to (a) and (b)?

2



PHYS 507
Homework I

Assigned: Oct. 2, 2014
Due: Oct. 15, 2014
Note: You can discuss solutions with your friends. But, you should write your own
solutions in your homework sheets.

1. Suppose that {|1⟩ , |2⟩ , |3⟩} forms an orthonormal basis for a 3 dimensional Hilbert
space. An operator A on that space has the following action on base kets,

A |1⟩ = (2 + i) |2⟩ ,

A |2⟩ = i |1⟩+ 3 |3⟩ ,

A |3⟩ = (1 + 3i) |1⟩ .

(a) What are ⟨1|A†, ⟨2|A† and ⟨3|A†?

(b) Express A in Dirac notation (as a sum of ket-bra products). (Hint: A = A1)

(c) What are ⟨1|A, ⟨2|A and ⟨3|A?
(d) What are A† |1⟩, A† |2⟩ and A† |3⟩?

2. Let â, b̂ and ĉ be the following vectors in 3D real space,

â =
1

3

(
ı̂− 2ȷ̂+ 2k̂

)
,

b̂ =
1

3

(
2̂ı+ 2ȷ̂+ k̂

)
,

ĉ =
1

3

(
−2̂ı+ ȷ̂+ 2k̂

)
.

(a) Check that {â, b̂, ĉ} is an orthonormal basis.

(b) Expand ı̂, ȷ̂ and k̂ in the {â, b̂, ĉ} basis. (Remember the “easy way”.)

(c) Write down the basis-change matrix and check that it is a unitary matrix.

(d) Let A⃗ = ı̂+ ȷ̂+ k̂. Express A⃗ in the {â, b̂, ĉ} basis.

(e) Compute
∣∣∣A⃗∣∣∣ separately in the {â, b̂, ĉ} basis and the {̂ı, ȷ̂, k̂} basis.

3. Let column vectors v1 and v2 be defined as

v1 =
1√
3

[
1

1 + i

]
, v2 =

1√
3

[
1 + i
−i

]
.

(a) Is {v1, v2} an orthonormal basis?

(b) Let

w =

[
3
2

]
be an unnormalized vector. Expand w in the basis {v1, v2}, i.e., find coefficients
c1, c2 in w = c1v1 + c2v2.
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(c) Verify that ∥w∥2 = |c1|2 + |c2|2.
(d) Check that v1v

†
1 + v2v

†
2 = I, the identity matrix.

4. Consider the 2× 2 matrix A,

A =

[
0 0
1 0

]
.

(a) Show that A is not a normal operator by computing AA† and A†A.

(b) Compute all eigenvalues and eigenvectors of A. How many eigenvectors can you
find?

(c) Show that A is not similar to a diagonal matrix. In other words, show that there
is no matrix S such that SAS−1 is diagonal. (Hint: If so, the diagonal entries
must be formed from eigenvalues of A.)

Note:Remember that, if A were normal, then it would have two eigenvectors and it
would be possible to diagonalize it. Moreover, it would also be possible to choose S as
a unitary matrix (i.e., A would be unitarily diagonalizable.)

5. Let N be a normal operator. Using the spectral theorem, show the following:
if N |ψ⟩ = λ |ψ⟩ then

• ⟨ψ|N = λ ⟨ψ| ,
• N † |ψ⟩ = λ∗ |ψ⟩ .

6. (a) Show that, if A is hermitian then eiA is unitary.

(b) Show that, if U is unitary, then there is a hermitian operator B such that U = eiB.
(Hint: Use the spectral decomposition.)



PHYS 507 (2015-2)
Homework 1
Due: March 11, 2016, Friday, 17:00.

1. Inner products for functions can be defined in many different ways. If w(t) is a strictly
positive function on an interval, then

〈f |g〉 =

∫
f ∗(t)w(t)g(t)dt

is an inner product for functions f and g defined on that interval. Many special poly-
nomials we meet in physics are orthogonal polynomials with respect to these functions.

Consider functions defined on the interval [−1, 1] and the following inner product

〈f |g〉 =

∫ 1

−1
f ∗(t)g(t)dt .

Let cn(t) = tn denote the nth power function.

(a) Show that 〈cn|cm〉 = 0 if one of n and m is odd and the other is even.

(b) Show that even polynomials are orthogonal to odd polynomials.

(c) Find a 2nd degree polynomial p2(t) which is (i) orthogonal to c0 and c1 and (ii)
normalized.

(d) Find a 3rd degree polynomial p3(t) which is (i) orthogonal to c0, c1 and c2 and (ii)
normalized.

Note: The procedure in parts (c) and (d) is Gram-Schmidt process. If the procedure
is continued to higher orders, you will essentially get Legendre polynomials (which are
normalized to 1).

2. The position-space wavefunction of a particle in 1D is

ψ(x) =


1√
2a

if d−a
2
< x < d+a

2
,

1√
2a

if −d−a
2

< x < −d+a
2

,

0 otherwise .

(a) Compute the momentum-space wavefunction ϕ(k).

(b) Sketch a plot of the probability distribution function for momentum |ϕ(k)|2.
(c) When momentum is measured, there are some values which can never be obtained

as the outcome of the measurement. Which values are these?

(d) What is |ϕ(0)|2?
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(e) Take d ∼ 3a and compute an approximate numerical value of the probability of
finding the momentum to be between −10−3~π/a and 10−3~π/a?

Prob

(
|p| < 10−3

~π
a

)
=?

(f) What is the probability of the measured momentum to be positive?

Prob (p > 0) =?

3. Every operator has a different expression for position-space and momentum-space wave-
functions. Let ψi(x) (i = 1, 2) be two possible position-space wavefunctions and let ϕi(k)
be their momentum-space counterparts.

(a) Let’s start with the momentum operator. Start with the expression

〈ψ1|p̂|ψ2〉 =

∫ +∞

−∞
ψ1(x)∗

~
i

∂ψ2(x)

∂x
dx ,

and by converting the wavefunctions to the momentum space, reach to an expression
of the form

=

∫ +∞

−∞
ϕ1(k)∗ Ôp ϕ2(k)dk ,

where Ôp is an operator which we may call as the “momentum operator for
momentum-space wavefunctions”. Identify that operator.

(b) Now, do the same with the position operator, i.e., express 〈ψ1|x̂|ψ2〉 in terms of
momentum-space wavefunctions and identify the corresponding operator. (Hint:
There are different approaches you can follow. For example, you can start with∫
ϕ∗1∂kϕ2.)

4. Consider the “radial coordinate” r in cylindrical coordinates. (r, θ, z).

(a) Using the fact that the volume element is given as d3~r = rdrdθdz, find the hermitian
conjugate of ∂/∂r, (

∂

∂r

)†
=?

(b) The radial momentum operator can be defined as follows

p̂r ≡
1

2

{
~
i

∂

∂r
+

(
~
i

∂

∂r

)†}

Simplify pr.

(c) “Radial momentum eigenstates” are states that satisfy the equation p̂rψ = ~kψ.
Find these states.



PHYS 507 (2018-2)
Homework 1
Due: Feb. 20, 2019, Wednesday, at 17:30.

Note: To facilitate fast reading of the homework assignments, we ask you to sum-
marize your answers in the answer sheet provided. This is an extra sheet for writing
down only the final result. Obviously, the details of the calculations should be provided
elsewhere. Staple the answer sheet to the other sheets that contain your solutions.

1.20 Orthonormal bases are very easy to manipulate than the other bases. To understand
why, consider the following as an example. Somebody chooses to use a different xyz
frame. In the new, primed frame, the directions along the new axes are

x̂′ =
x̂+ 2ŷ + 2ẑ

3
,

ŷ′ =
ŷ − ẑ√

2
,

ẑ′ =
4x̂− ŷ − ẑ√

18
.

(a) Check that the set {x̂′, ŷ′, ẑ′} is indeed orthonormal.

(b) Consider the vector
~A = 3x̂+ 2ŷ + ẑ .

Expand this vector in the new, primed basis. In other words, find new components
Ax′ , Ay′ and Az′ such that

~A = Ax′x̂
′ + Ay′ŷ

′ + Az′ ẑ
′ .

Note: This is the place where orthonormality property makes a difference. If you
try to solve this as a linear algebra problem, you will immediately notice that this
is excessively difficult. It will become prohibitively difficult in higher dimensions.
However, the components can be found as a simple inner product by using the fact
that {x̂′, ŷ′, ẑ′} is an orthonormal basis. This trick is frequently used in quantum
mechanics.

(c) Either basis can be used for doing vector calculations. As an example, consider the

computation of the length of the vector ~A. Compute this in two different ways by
using its expansion in the (i) old frame and (ii) new, primed frame.

2.20 The hermitian conjugates of operators are defined by using the inner product as follows,

〈Aφ|ψ〉 = 〈φ|A†ψ〉 .
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Based on this, we have shown that the hermitian conjugates of derivatives with respect
to Cartesian coordinates are the negatives of themselves,(

∂

∂x

)†
= − ∂

∂x

However, this simple rule does not hold for derivatives with respect to the curvilinear
coordinates, for example for spherical coordinates. The main reason for this is the
dependence of the volume element on these coordinates. For example, for spherical
coordinates, we have

〈φ|ψ〉 =

∫
φ∗ψr2 sin θdrdθdφ .

The presence of the r2 sin θ factor in the integrand makes all the difference. In this
problem, you will find the hermitian conjugates of the derivatives with respect to the
spherical coordinates. Find

(a)

(
∂

∂r

)†
, (b)

(
∂

∂θ

)†
, (c)

(
∂

∂φ

)†
.

Hint: Obviously, you need to use integration by parts method to “move” the derivative
to the other function.

3.20 On several occasions we compute functions of operators. There are two different ways
we can define such functions.

Method 1: If the function f is analytic, i.e., it has a Taylor series expansion,

f(z) = f(0) + f ′(0)z +
1

2!
f ′′(0)z2 + · · · =

∞∑
n=0

f (n)(0)

n!
zn ,

we can define f(Â) as

f(Â) = f(0)1 + f ′(0)Â+
1

2!
f ′′(0)Â2 + · · · =

∞∑
n=0

f (n)(0)

n!
Ân ,

Method 2: If the operator Â is hermitian, it has a spectral decomposition, i.e., expres-
sion in terms of its eigenvalues and eigenvectors

Â =
∑
j

λj |ϕj〉 〈ϕj| ,

in which case we can define f(Â) as

f(Â) =
∑
j

f(λj) |ϕj〉 〈ϕj| .

In this question, you will compute the exponentials of Pauli spin matrices by using the
two methods shown above. Let σn = n̂ · ~σ be the “Pauli spin matrix along n̂ direction”.
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(a) Compute eiθσn by using the first method. (Hint: You know that σn has eigenvalues
±1, consequently we have σ2

n = I.)

(b) Compute eiθσn by using the second method. (Hint: Using the spectral decomposi-
tion of σn and the expansion of the identity in the same basis, first show that

|n̂ ↑〉 〈n̂ ↑| = I + σn
2

, |n̂ ↓〉 〈n̂ ↓| = I − σn
2

.)

Note: You can give the answer to this question in several different ways, for example as
a 2 × 2 matrix by explicitly writing all components. However, it appears that such an
answer is not particularly useful. Instead, it can be shown that any function of σn is a
linear combination of identity and σn, i.e., eiθσn = c1I+ c2σn. Give your answers in this
form by explicitly calculating c1 and c2.

4.20 A projection operator is a hermitian idempotent operator. In other words, an operator
P is called a projection operator if it satisfies the following two conditions:

1. P † = P (hermitianness)

2. P 2 = P , (idempotence)

Projection operators correspond to the geometrical notion of taking the projection of a
vector onto a given subspace.

(a) For any normalized ket |φ〉, show that Q = |φ〉 〈φ| is a projection.

(b) If σn is a Pauli spin operator (along some direction, n̂), show that

P± =
I ± σn

2

are projection operators.

(c) Show that, for any ket |α〉, the vectors obtained by

|φ+〉 = P+ |α〉 , |φ−〉 = P− |α〉 ,

are unnormalized eigenvectors of σn with eigenvalues +1 and −1, respectively.

(d) The observation above gives us a practical method for computing the eigenvectors
of σn. For example, suppose that

n̂ =
3

5
x̂+

4

5
ẑ .

Pick a column vector α (anything you want). Applying the method in part (c), find
the two normalized eigenvectors of σn.

5.20 Suppose that we prepare a spin 1/2 particle in the |ψ〉 = |z ↑〉 = |↑〉 state. Then we
measure Sn = (~/2)σn where

n̂ = sin θ(cosφx̂+ sinφŷ) + cos θẑ
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is some arbitrary direction in space. Remember that the eigenstates of σn are

φn̂↑ =

[
cos θ

2

sin θ
2
eiφ

]
, φn̂↓ =

[
− sin θ

2

cos θ
2
eiφ

]
,

or, if you prefer the ket notation,

|n̂ ↑〉 = cos
θ

2
|↑〉+ sin

θ

2
eiφ |↓〉 ,

|n̂ ↓〉 = − sin
θ

2
|↑〉+ cos

θ

2
eiφ |↓〉 ,

(a) Expand the initial state |ψ〉 = |↑〉 as a superposition of the eigenstates of the σn.
(Use whichever you prefer: matrix or ket notation. Please don’t solve this problem
like a linear algebra problem; remember problem 1 and use inner products to find
the expansion.)

(b) What is the probability, p↑, that the measurement yields the up result (i.e., Sn turns
out to be +~/2)? What is the probability, p↓, that the result is down?

(c) Use the above probabilities to compute the statistical average of 〈Sn〉, i.e., compute

〈Sn〉 = p↑

(
+
~
2

)
+ p↓

(
−~

2

)
.

Compute the same quantity by using the expectation value calculation, i.e.,

〈Sn〉 = 〈ψ|Sn|ψ〉 .



PHYS 507
Homework II

Due: October 21, 2002, Tuesday.

1. Consider the matrix

σy =
[

0 −i
i 0

]
.

(a) Find the matrix eλσy .
(b) By evaluating the direct matrix product show that eλσyeµσy = e(λ+µ)σy .

2. Let A and B be two operators whose commutator is a scalar: i.e., [A,B] = c where c is a complex
number. We deal with such pairs of operators frequently in quantum mechanics with the usual
examples being the momentum and position observables or the ladder operators of the harmonic
oscillator problem.

(a) Show that [A,Bn] = ncBn−1.
(b) For any analytic function f(x), show that [A, f(B)] = cf ′(B).

3. Let A and B be two operators as in the problem above with [A,B] = c. Calculate the following
expressions.

(a) eλABe−λA =?
(b) eλAB2e−λA =?

(c) eλA2
Be−λA2

=?
(d) eλAeµBe−λA =?
(e) eλAeµBe−λAe−µB =?

4. We know that when two operators A and B do not commute, eλAeλB is not equal to eλ(A+B), but
is the exponential of a complicated expression. In this problem we consider the simple case where
the commutator is a scalar: [A,B] = c. Consider the expression

F (λ) = eλAeλBe−λ(A+B) .

(a) Calculate the derivative dF (λ)
dλ . With a little help from problem 2 or 3, reduce this expression

to a simple linear differential equation for F .
(b) Using the initial condition F (λ = 0) = 1, solve the differential equation for F . What is

eλAeλB?

5. Let X be a hermitian operator and A be an ordinary operator such that [X, A] = cA for some
scalar c.

(a) Show that if |α〉 is an eigenket of X with eigenvalue λ, then A|α〉 (if it is non-zero) is an
eigenket of X with eigenvalue λ + c. Should c be a real number?

(b) Show that [X, A†] = −cA†.

Now suppose that X and Y are hermitian operators such that [X, Y ] = id for some complex number
d.

(c) Show that d has to be a real number.
(d) For an arbitrary real number s consider the operator A(s) = exp(isY ). Calculate the commu-

tator [X, A(s)].
(e) Argue that if the commutator of two hermitian operators is a scalar, then all real numbers are

eigenvalues of both operators.

1



Functions of Operators

• If f(x) is analytic at x = 0, that is f(x) =
∑∞

n=0
f(n)(0)

n! xn, then for any operator A, f(A) is defined
as

f(A) =
∞∑

n=0

f (n)(0)
n!

An = f(0)I + f ′(0)A +
1
2!

f ′′(0)A2 + · · ·

Of course in almost all cases, convergence of the expression above is a problem.

• If f(x)g(x) = h(x) then f(A)g(A) = h(A).

• (I − A)−1=
∑∞

n=0 An = I + A + A2 + A3 + · · ·

• If {|αn〉} is an orthonormal basis and A =
∑

n λn|αn〉〈αn| then f(A) =
∑

n f(λn)|αn〉〈αn|.

• eA =
∑∞

n=0
1
n!A

n .

• d
dλeλA = AeλA .

• eAeB = eA+B only when A and B commutes.

• If A and B do not commute, then

eλAeλB = exp
(

λ(A + B) +
λ2

2
[A,B] +

λ3

12
([A, [A,B]] + [B, [B,A]]) + · · ·

)
.

In general the coefficient of λn will be formed by n − 1 commutators of A and B.

• eλABe−λA = B + λ[A,B] + λ2

2! [A, [A,B]] + λ3

3! [A, [A, [A,B]]] + · · ·

• Uf(B)U−1 = f(UBU−1).

2



PHYS 507
Homework II

Due: March 28, 2003, Friday.

1. For the σx matrix

σx =

[
0 1
1 0

]
(a) calculate eiθσx by using the power series expansion for the exponential function

ex =
∞∑

n=0

xn

n!
= 1 + x+

xn

2!
+ · · ·

(b) Calculate eiθσx again, this time using the following identity for functions of
operators

if A =
∑

n

λn|ϕn〉〈ϕn| then f(A) =
∑

n

f(λn)|ϕn〉〈ϕn| .

(c) Let U(θ) = eiθσx denote the matrix you have calculated above. Using matrix
operations show that U(θ)†U(θ) = I and U(θ1)U(θ2) = U(θ1 + θ2).

2. A spinless particle moving in one-dimension is in a state |ψ〉 which has a position-
space wavefunction

ψ(x′) = 〈x′|ψ〉 =

{ 1√
2a

for − a < x < a ,

0 otherwise .

(a) Calculate the momentum-space wavefunction ψ̃(p′) = 〈p′|ψ〉 and sketch a plot
of it.

(b) What is 〈p〉 and ∆p2? Try to calculate them in position and momentum spaces?
What is the problem in both cases?

(c) Calculate 〈x〉 in two different ways: by using ψ and by using ψ̃.

3. Suppose that the position-space wavefunction of a particle is real valued at all points,
i.e., ψ∗(x′) = ψ(x′). This case is frequently met in one-dimensional problems.

(a) Show that 〈p〉 = 〈ψ|p|ψ〉 = 0.

(b) What does this reality condition imply for the momentum-space wavefunction
ψ̃(p′) = 〈p′|ψ〉?

(c) This time suppose that the wavefunction has a complex part such that ψ(x′) =
eikx′

φ(x′) where k is a constant and φ(x′) is real: φ∗(x′) = φ(x′). What is 〈p〉
now? What can you say about the momentum-space wavefunction ψ̃(p′)?

1



4. Let A and B be two operators whose commutator is a scalar: i.e., [A,B] = c where
c is a complex number. We deal with such pairs of operators frequently in quantum
mechanics with the usual examples being the momentum and position observables
or the ladder operators of the harmonic oscillator problem.

(a) Show that [A,Bn] = ncBn−1.

(b) Using the result in part (a) show that [An, B] = ncAn−1.

(b) For any analytic function f(u), show that [A, f(B)] = cf ′(B). (Note: If f(u) is
an analytic function with a power series expansion

f(u) = c0 + c1u+ c2u
2 + · · · =

∞∑
n=0

cnu
n

we define f(B), (function of the operator B) by

f(B) = c0 + c1B + c2B
2 + · · · =

∞∑
n=0

cnB
n .)

5. Let A and B be two operators as in the problem above with [A,B] = c. Calculate
the following expressions.

(a) eλABe−λA =?

(b) eλAB2e−λA =?

(c) eλA2
Be−λA2

=?

(d) eλAeµBe−λA =?

(e) eλAeµBe−λAe−µB =?

2



PHYS 507
Homework II

Assigned: October 15, 2003, Wednesday.
Due: October 24, 2003, Friday, at 5:00 pm.

1. Let T (a) be the translation operator corresponding to displacement a.

(a) Calculate T (a)|p′〉 where |p′〉 is a momentum eigenket.

(b) Let |φ〉 be the state obtained by translating the state |ψ〉 by a distance a, i.e., |φ〉 =
T (a)|ψ〉. What is the relationship between the momentum-space wavefunctions
of these kets. (Relate φ̃(p′) to ψ̃(p′)).

2. Let A = (xp+ px)/2. Define the operator S(µ) by

S(µ) = exp

(

−
i

h̄
µA

)

.

(a) Re-express S(µ1)S(µ2) and S(µ)† in a suitable form. Is S(µ) unitary?

(b) Calculate i
h̄
[A, x] and i

h̄
[A, p].

(c) Calculate
S(µ)†xS(µ) and S(µ)†pS(µ) .

(d) Let |φ〉 = S(µ)|ψ〉. Express the expectation values of the position and momentum
in the state |φ〉 in terms of expectation values in |ψ〉. (i.e., what is 〈x〉φ = 〈φ|x|φ〉
in terms of 〈x〉ψ and what is 〈p〉φ in terms of 〈p〉ψ?)

3. Let the position-space wavefunction for a ket |ψ〉 be

ψ(x′) = 〈x′|ψ〉 =

{

Neikx
′

for 0 < x < a ,
0 otherwise .

In other words, a particle in this state is present only on the interval 0 to a.

(a) Find a suitable normalization factor N .

(b) What is the momentum-space wavefunction ψ̃(p′) = 〈p′|ψ〉?

(c) Plot |ψ̃(p′)|2 as a function of p′. Is the graph symmetric around the value p′ = h̄k?
What is the most probable value of momentum? Which values cannot be observed
in a momentum measurement?

(d) What is 〈p〉? What is ∆p?

4. For the σ2 matrix

σ2 =

[

0 −i
i 0

]

1



(a) calculate eiθσ2 by using the power series expansion for the exponential function

ex =
∞

∑

n=0

xn

n!
= 1 + x+

xn

2!
+ · · ·

(b) Calculate eiθσ2 again, this time using the following identity for functions of oper-
ators

if A =
∑

n

λn|ϕn〉〈ϕn| then f(A) =
∑

n

f(λn)|ϕn〉〈ϕn| .

(c) Let M(θ) = eiθσx denote the matrix you have calculated above. Using matrix
operations show that M(θ)†M(θ) = I and M(θ1)M(θ2) = M(θ1 + θ2).

(d) What are the eigenvalues of M(θ) and what are their corresponding eigenvectors?

5. Let |α〉 and |β〉 be two arbitrary kets. In general, we cannot express one in terms of
the other. However, we can express, for example |α〉, as a superposition of |β〉 and
another ket orthogonal to |β〉. In other words, we can write

|α〉 = c|β〉 + |β ′〉

where c is some complex number and 〈β ′|β〉 = 0.

(a) Calculate c and |β ′〉 using only |α〉, |β〉 and their inner products.

(b) Show that ||α|| is greater than |c|||β|| and using this derive the Schwarz inequality,
〈α|α〉〈β|β〉 ≥ |〈α|β〉|2. Show that the Schwarz inequality becomes an equality only
when |β ′〉 = 0 (i.e., when |α〉 and |β〉 are “parallel kets”, |α〉 = c|β〉.)

Remember that we have derived the uncertainty relation by using the Schwarz inequal-
ity with |α〉 = A′|ψ〉 and |β〉 = B′|ψ〉 where |ψ〉 is a normalized ket representing the
state of a physical system and A′ = A − 〈A〉 and B′ = B − 〈B〉, where A and B
are two observables. Suppose that |ψ〉 is a state where the uncertainty relation be-
comes an equality (i.e., we have ∆A∆B = 1

2
| 〈[A,B]〉 |). In this case we can say that

A′|ψ〉 = cB′|ψ〉 for some complex number c.

(c) Remembering the derivation of uncertainty relation show that 〈A′B′ +B′A′〉 = 0
in this state.

(d) Show that 〈A′2〉 = c 〈A′B′〉 = c∗ 〈B′A′〉. From here show that c has to be a purely
imaginary number (c = id where d is purely real).

(e) Consider a state with minimum momentum-position uncertainty product: ∆x∆p =
h̄/2. Starting with the equation (p − 〈p〉)|ψ〉 = id(x − 〈x〉)|ψ〉 calculate the
position-space wavefunction.

2



PHYS 507
Homework II

Assigned: March 9, 2004, Tuesday.
Due: March 19, 2004, Friday, at 5:00 pm.

1. Matrix representation of operators (also kets and bras) depend on the orthonormal
basis used. Consider as an example the operator A = |↑〉 〈↓|.
(a) Find the matrix representation of A in the basis {|↑〉 , |↓〉}.
(b) Find the matrix representation of A in the basis {|x, +〉 , |x,−〉}, which are

|x, +〉 =
1√
2

(|↑〉+ |↓〉) , |x,−〉 =
1√
2

(|↑〉 − |↓〉) .

2. Consider the matrix U(θ) which is defined as U(θ) = exp(iθσy).

(a) Calculate U(θ) by using the power series expansion of the exponential function

ex = 1 + x +
x2

2
+

x3

6
+ · · · =

∞∑
n=0

1

n!
xn .

(b) Calculate U(θ) again, this time using the eigenvectors of σy.

(c) Find the θ-derivative of the matrix U(θ) and show that it satisfies

d

dθ
U(θ) = iσyU(θ) = iU(θ)σy .

3. Let B = |↓〉 〈↑|.
(a) Calculate F (λ) = exp(λB). (Note that B is not hermitian and as a result there

may not be an orthonormal basis formed by eigenkets of B (there isn’t). You need
to use the series expansion of the exponential function to solve this problem.)

(b) Verify that F (λ)F (µ) = F (λ + µ).

(d) Calculate
√

1 + λB.

4. Some operators may not have the necessary number of eigenvectors. Consider as an
example

C =

[
0 0
1 0

]
.

Find all eigenvalues and eigenvectors of C.

5. Let A = |↑〉 〈↓|.
(a) What is A†A? Is it hermitian? If so what are its eigenvalues and eigenkets?

(b) What is AA†? Is it hermitian? If so what are its eigenvalues and eigenkets?



PHYS 507
Homework II (Fall ’04)

Assigned: October 20, 2004, Wednesday.
Due: October 29, 2004, Friday, at 5:00 pm.

1. Consider the matrix U(θ) = exp(iθσx).

(a) Calculate U(θ) by using the power series expansion of the exponential function.

exp(x) =
∞∑

n=0

xn

n!
= 1 + x +

x2

2!
+

x3

3!
+ · · ·

(b) Calculate U(θ) again, this time by using the eigenvectors of σx. ( If A is hermitian
and A |ϕn〉 = λn |ϕn〉 where {|ϕn〉} forms an orthonormal basis, then f(A) =∑

n f(λn) |ϕn〉 〈ϕn| .)

(c) By directly carrying out the matrix operations verify that (i) U(θ)† = U(−θ), (ii)
U(θ1)U(θ2) = U(θ1 + θ2), (iii) dU(θ)/dθ = iσxU(θ).

2. Let A and B be two hermitian operators. In general, their product, AB, is not hermi-
tian. For this reason, the expectation value 〈AB〉 does not need to be a real number.

(a) Show that if A and B commute with each other, then the product AB is hermitian.

(b) Both the imaginary and the real part of 〈AB〉 can be expressed as certain expec-
tation values. In other words, there are hermitian operators C and D such that
Re(〈AB〉) = 〈C〉 and Im(〈AB〉) = 〈D〉. Express these operators in terms of A
and B.

(c) Position, x, and momentum, p, are operators obeying the rule [x, p] = ih̄. What
is the imaginary part of 〈px〉? Does the answer depend on which state is used?

3. Let the position-space wavefunction of a particle in 1D be

ψ(x′) = 〈x′|ψ〉 = N exp

(
−(x′ − a)2

4σ2
+ ikx′

)
,

where a, σ and k are real. This is the most general gaussian type wavefunction.

(a) Find a value for the normalization factor N . Also calculate 〈x〉 and ∆x.

(b) Sketch a graph of the probability density for position, |ψ(x′)|2. Where is it a
maximum (most probable position)?

(c) Calculate the momentum-space wavefunction ψ̃(p′) = 〈p′|ψ〉.
(d) Using (c), calculate 〈p〉 and ∆p. Compute ∆x∆p and verify that the uncertainty

relation is satisfied.

1



(e) Finally sketch a graph of the probability density for momentum,
∣∣∣ψ̃(p′)

∣∣∣
2

. Where

is it a maximum (most probable momentum)?

Useful integrals:

∫ +∞

−∞
due−λu2+µu =

√
π

λ
exp

(
µ2

4λ

)

∫ +∞

−∞
duu2ne−λu2

=

(
− ∂

∂λ

)n ∫ +∞

−∞
due−λu2

=

(
− ∂

∂λ

)n √
π

λ∫ +∞

−∞
duu2n+1e−λu2

= 0

4. Note that if we take the derivative of the translation operator T (a) with respect to a
and set a = 0 we get

∂

∂a
T (a)

]

a=0

=
∂

∂a
exp

(
− i

h̄
pa

)]

a=0

= − i

h̄
p .

(a) Using this and starting from the equation T (a) |x′〉 = |x′ + a〉 obtain an expression
for p |x′〉. (In here, it might be useful to think |x′〉 as a function of the real variable
x′.) Use this to find 〈x′| p.

(b) Express 〈x′|p|ψ〉 in terms of the position-space wavefunction of |ψ〉.
5. (a) Using the commutation relation [p, x] = h̄/i, calculate T (a)†xT (a).

(b) Use this to calculate the commutator [x, T (a)].

(c) Let |ψ〉 be a normalized state and |φ〉 be another state obtained by translating
the particle in |ψ〉 by a, i.e., T (a) |ψ〉 = |φ〉. Using (a) show that

〈x〉φ = 〈x〉ψ + a .

2



PHYS 507
Homework II (Spring ’05)

Assigned: March 16, 2005, Wednesday.
Due: March 25, 2005, Friday, at 5:00 pm.

1. Functions of operators take on a particularly nice form when the operator has only a
few distinct eigenvalues. Suppose that only eigenvalues of a hermitian operator A is
+1 and −1. In this case, in order to evaluate f(A) we need to know only f(1) and
f(−1). The expression of f(A) can be written as

f(A) = f(1)P+ + f(−1)P− (1)

where P+ and P− are

P+ =
∑

λn=+1

|ϕn〉 〈ϕn| , P− =
∑

λn=−1

|ϕn〉 〈ϕn| .

Here, {|ϕn〉} are eigenkets of A forming an orthonormal basis and λn are the corre-
sponding eigenvalues. (The dimension of the Hilbert space can be anything different
than 1, so the eigenvalues above can be degenerate.)

(a) Use eqn. (1) for the constant function, f(z) = 1, and for the linear function,
f(z) = z. Use these two equations to express the operators P+ and P− in terms
of A.

(b) Verify that P+ and P− are hermitian and they satisfy P 2
+ = P+ and P 2

− = P−.
(Operators having these properties are called as projection operators.)

(c) Use your expressions for P± to express f(A) in terms of A, f(1) and f(−1).

(d) We have said in class that the operator ~σ · n̂ has eigenvalues ±1 (here σj are Pauli
spin matrices and n̂ is an arbitrary unit vector). As a result we can apply the
equation in part (c) to this case. Calculate exp(iθ~σ · n̂).

(e) As special examples, calculate exp(iθσz) and exp(iθσx).

2. Let A be a hermitian operator and L be an operator satisfying [A, L] = cL for some
complex number c. We usually call the operator L as a ladder operator due to the
reasons you will find out below.

(a) Let |ψ〉 be an eigenket of A with eigenvalue λ. Suppose that L |ψ〉 is non-zero.
Show that L |ψ〉 is also an eigenket of A. What is the corresponding eigenvalue?

(b) Does this imply that c has to be a real number?

(c) If Ln |ψ〉 6= 0, show that Ln |ψ〉 is also an eigenvector. What is the eigenvalue?
(Here n is a positive integer).

(d) Show that [A,L†] = −cL†. (Therefore L† is a ladder operator as well.)

1



(e) Show that A commutes with L†L.

3. Calculate the following commutators using only the commutation relation [p, x] = −ih̄.

(a) [p, x2],

(b) [p2, x],

(c) [p2, x2],

(d) [p2, ecx], (c is a complex number).

4. Calculate the following using only the commutation relation [p, x] = −ih̄. (T (a) =
exp(−ipa/h̄) and a is real).

(a) T (a)xT (a)†,

(b) T (a)x2T (a)†,

(c) T (a)ecxT (a)†, (c is a complex number),

(d) T (a)f(x)T (a)†, (f is an arbitrary function).

5. If an operator is not normal, then its eigenkets do not necessarily form a basis. In some
extreme examples some operators may not even have any eigenkets. To see this, con-
sider an infinite dimensional Hilbert space where the set of kets {|0〉 , |1〉 , |2〉 , |3〉 , . . .}
form an orthonormal basis. An operator a is defined as

a =
∞∑

n=0

√
n + 1 |n〉 〈n + 1| = |0〉 〈1|+

√
2 |1〉 〈2|+ · · ·

(Some of you might recognize this as the ladder operator for the harmonic oscillator
problem. You only need to use the expansion above to solve the problem.)

(a) What is a†?

(b) Let |ψ〉 be an arbitrary ket with an expansion

|ψ〉 =
∞∑

n=0

cn |n〉 = c0 |0〉+ c1 |1〉+ c2 |2〉+ · · ·

Calculate a |ψ〉 and a† |ψ〉.
(c) Consider the eigenvalue equation a† |ψ〉 = λ |ψ〉. Try to solve this equation. First

consider the case of a non-zero eigenvalue, λ 6= 0. Next consider the case of a zero
eigenvalue, λ = 0. If you can find a non-zero ket |ψ〉, then a† has an eigenvalue
and an eigenket. Does a† have an eigenvalue?

(d) Now, consider the eigenvalue equation for a, namely a |ψ〉 = λ |ψ〉. Show that
all complex numbers are eigenvalues and for each case you can find a non-zero,
normalizable eigenket.

This is then an extreme case where one operator has no eigenvalues and the other
admits all complex numbers as eigenvalues.

2



PHYS 507
Homework II (Fall ’05)

Assigned: October 10, 2005, Monday.
Due: October 19, 2005, Wednesday, at 5:00 pm.

1. Consider a three dimensional Hilbert space. Let {|1〉 , |2〉 , |3〉} be an orthonormal basis
for this space. Let |ψ〉 and |φ〉 be two particular kets with the following expansions

|ψ〉 =
1√
2
(|1〉+ |2〉) , |φ〉 =

1√
3
(|2〉+ (1 + i) |3〉) .

Let A be an operator defined as A = 2 |ψ〉 〈ψ|+ 6 |φ〉 〈φ|. In this problem, we will find
the matrix representations of these objects in the basis {|1〉 , |2〉 , |3〉}.
(a) What are the matrix representations of |ψ〉 and |φ〉?
(b) What are the matrix representations of 〈ψ| and 〈φ|?
(c) What are the matrix representations of |ψ〉 〈ψ| and |φ〉 〈φ|?
(d) What is the matrix representation of A?

(e) What are the matrix elements A23 and A32?

(f) What is A |3〉 and what is its matrix representation?

(g) What is 〈3|A and what is its matrix representation?

2. Let {|1〉 , |2〉} be an orthonormal basis for a two dimensional Hilbert space. Let |A〉
and |B〉 be defined as

|A〉 =
1√
2
(|1〉+ eiθ |2〉) , |B〉 =

1√
2
(|1〉 − eiθ |2〉) .

(a) Show that the set {|A〉 , |B〉} is an orthonormal set (since there are two kets and
the space is two dimensional, this set also forms a basis.)

(b) Show that |A〉 〈A|+|B〉 〈B| = |1〉 〈1|+|2〉 〈2|, in other words the identity operator.
(The identity operator is expressed in the same way in all orthonormal bases.)

(c) Let |ψ〉 = |1〉 + 2i |2〉. Expand |ψ〉 in the basis of {|A〉 , |B〉}. (You may want to
use the expansion of identity in part (b).)

(d) Compute 〈ψ|ψ〉 in two ways, using the basis {|1〉 , |2〉} and using the basis {|A〉 , |B〉}.
3. We know that the Pauli spin matrix σ2 can be expressed as σ2 = u1u

†
1 − u2u

†
2 where

u1 =
1√
2

[
1
i

]
, u2 =

1√
2

[
1
−i

]
,

are the normalized eigenvectors of σ2 with eigenvalues +1 and −1 respectively.

1



(a) Using this compute U(θ) = exp(iθσ2).

(b) Show that U(θ) is unitary, i.e., U(θ)†U(θ) = 1.

4. Suppose that {|1〉 , |2〉 , |3〉} is an orthonormal basis for a three dimensional Hilbert
space and an operator B has the following action on the base kets

B |1〉 = i |1〉+ (1 + i) |2〉 , B |2〉 = |1〉 − 3i |3〉 , B |3〉 = 0 .

(a) What are 〈1|B†, 〈2|B† and 〈3|B†?

(b) What are the matrix elements 〈3|B|2〉 and 〈2|B†|3〉?
(c) What is B† |3〉?

5. An operator N is called normal if it commutes with its hermitian conjugate, i.e.,
NN † = N †N .

(a) Show that there are two hermitian operators X and Y such that N = X + iY .
(Hint: How can you express X and Y in terms of N and N †?)

(b) Show that X and Y commute with each other ([X,Y ] = XY − Y X = 0).

(c) Let |φ〉 be a common eigenket of X and Y with eigenvalues λ and µ respectively
(we can find such common eigenkets because of (b)). In that case |φ〉 is obviously
an eigenket of N and N † as well. What are corresponding eigenvalues of N , N †

and N †N?

2



PHYS 507
Homework II (Spring ’06)

Assigned: February 22, 2006, Wednesday.
Due: March 1, 2006, Wednesday, at 5:00 pm.

1. Let A be a hermitian operator whose only eigenvalues are +1 and −1 (dimension of
the Hilbert space can be anything, therefore these eigenvalues might have degeneracies,
but this is unimportant for this problem). Let’s define the following operators

P± =
1± A

2
.

(a) Show that P± are hermitian and they satisfy P 2
± = P±. (Such operators are called

projection operators.)

(b) Show that AP+ = P+A = P+ and AP− = P−A = −P−.

(c) Let |φ〉 be an arbitrary ket. Use (b) to show that P+ |φ〉 is an eigenket of A
with eigenvalue +1 and P− |φ〉 is an eigenket of A with eigenvalue −1 (if the
resultant kets are non-zero of course). (In other words, the operators P± project
an arbitrary vector into eigenkets of A.)

(d) Use (b) repeatedly to show that AnP± = (±1)nP± and from here show that
f(A)P± = f(±1)P± where f denotes any analytic function.

(e) Probably using P+ + P− = 1 and (d), derive the following

f(A) = f(1)P+ + f(−1)P− =
f(1) + f(−1)

2
+

f(1)− f(−1)

2
A .

[Note: You do not need to be mathematically strict in deriving these relations. It is
enough if you demonstrate that you see how the results follow.]

2. Let n̂ = sin θ(cos φx̂ + sin φŷ) + cos θẑ be a unit vector having spherical angles θ and
φ. We define σn = n̂ · ~σ = nxσx + nyσy + nzσz.

(a) Show that the eigenvalues of σn are ±1.

(b) Use some of the results of problem 1 to find the normalized eigenvectors of σn.
(Remember half angle formulae: 1−cos θ = 2 sin2(θ/2) and 1+cos θ = 2 cos2(θ/2))

3. Let |ψ〉 = a |↑〉 + b |↓〉 be an arbitrary spin state where a and b are two arbitrary
complex numbers satisfying |a|2 + |b|2 = 1.

(a) Compute 〈σj〉 for j = x, y, z and show that 〈~σ〉 = n̂ where n̂ is a unit vector (i.e.,
n̂ · n̂ = 1).

(b) Let σn = ~σ · n̂ where n̂ is the unit vector defined in part (a). What are 〈σn〉 and
∆σn in this state? Based on this, can you conclude that |ψ〉 is an eigenket of σn?
(In here you basically show that any spin state can be considered as a spin-up
state along a certain direction.)

1



4. Suppose that the states of a system are represented by a 2 dimensional Hilbert space
and a measurement of an observable A is carried out, which is represented by the
following 2× 2 matrix,

A =

[
3 −2i
2i 3

]
,

i.e., the matrix you have worked with in problem 2 of homework 1. Suppose that the
system is in the state

ψ = N

[
1

1 + i

]
,

where N is a normalization constant

(a) When A is measured in this state (i) which results can be obtained, (ii) what are
the probabilities of obtaining each and (iii) to which state does the collapse occur
in each case?

(b) What are 〈A〉 and ∆A?

5. Let n̂ and m̂ be unit vectors showing two arbitrary directions in space. Let α be the
angle between these two directions. In an experiment on electron spins, the electrons
are prepared in the spin-up along n̂ state (i.e., |n̂, ↑〉) and the component of spin along

m̂ is measured (i.e., Sm = ~S ·m̂). Compute the probability that this measurement will
yield spin-up along m̂ result. (You can use any reasoning and formula we have discussed
in class.) Does this expression indeed gives 1/2 when n̂ and m̂ are perpendicular?

2



PHYS 507
Homework II (Fall ’06)

Assigned: November 17, 2006, Friday.
Due: November 26, 2006, Sunday.

1. Consider a state of a particle in 1D having the following position-space wavefunction

ψ(x′) = N exp

(
−|x

′|
a

)
,

where a is a distance and N is an appropriate normalization factor.

(a) Find N and then compute the momentum-space wavefunction ψ̃(p′).

(b) Compute the probability density for momentum distribution P̃ (p′) and sketch a
plot of it. Are opposite momenta values (p′ and −p′) equally probable?

(c) Compute ∆x and ∆p and show that the uncertainty relation is satisfied.

Hints: (1) You can compute expectation values by using either ψ or ψ̃. Use whichever
is convenient.
(2) Note that 〈p2〉 = 〈ψ|p2|ψ〉 = 〈pψ|pψ〉 = ||pψ||2. As a result, 〈p2〉 can be computed
by using position-space wavefunction by taking only a single derivative. This is an
extremely useful trick.
(3) The Γ-function (factorial) integral might be useful in here

∫ ∞

0

une−udu = n! .

2. Consider the Hamiltonian

H =
p2

2m
− Fx ,

which describes the motion of a particle in 1D under a constant force F . By taking
the time derivatives of 〈x〉t and 〈p〉t, compute 〈x〉t and 〈p〉t in terms of some initial
expectation values.

3. Consider the Hamiltonian in question 2.

(a) Compute the Heisenberg operators for position, xH(t), and momentum pH(t).

(b) Show that the expression

HH(t) =
pH(t)2

2m
− FxH(t)

does not have any explicit time dependence and is equal to the Hamiltonian H.

(c) Find 〈x〉t and 〈p〉t again, this time using the corresponding Heisenberg operators.

1



(d) Compute ∆p2
t and show that it is time independent. (For fun, you can also

compute ∆x2
t and see that it also reduces to the expression we have derived for a

free particle (the case F = 0).)

4. Consider an electron placed inside a uniform magnetic field directed along x-axis, with
~B = Bx̂. The Hamiltonian is

H = −~µ · ~B = +µB~σ · ~B = µBBσx .

(a) What are the eigenvalues and the corresponding eigenvectors for the Hamiltonian
H?

(b) The electron is in the spin-up along z state at the initial time t = 0, i.e.,

ψ(t = 0) =

[
1
0

]
.

What is the state ψ(t) at time t? Express your answer using ω, where ω =
(E2−E1)/h̄ is the angular frequency associated with the transitions between the
two energy levels.

(c) Compute the expectation value of spin,
〈

~S
〉

t
at time t using the state you have

found in part (b). Briefly describe the motion.

5. Consider the harmonic oscillator with the Hamiltonian

H =
p2

2m
+

1

2
mω2x2 .

Let |n〉 (n = 0, 1, 2, . . .) denote the usual eigenstates of H and let 〈· · · 〉n denote the
expectation values at level n.

(a) Compute 〈x4〉n and 〈p4〉n.

(b) Compute 〈xp〉n and 〈px〉n. From these calculate 〈xp− px〉n and 〈xp + px〉n.

2



PHYS 507
Homework II

1. Consider an electron. One of the cartesian components of the spin of the electron is
measured when the electron is in state

ψ =
1√
5

[
1
2i

]
.

For each such measurement, prepare a table that shows the possible outcomes, corre-
sponding probabilities and the corresponding final collapsed state.

Outcome Probability Final collapsed state
· · · · · · · · ·
· · · · · · · · ·

Prepare a table

(a) when Sz is measured,

(b) when Sx is measured,

(c) and when Sy is measured.

2. Can we measure Sx and Sz at the same time? The following problem will probably
convince you that we cannot. If it were possible to measure these at the same time,
then we expect to get the same outcomes when one of them is measured immediately
after (or before) than the other measurement. Consider these two possibilities where
one of the observables is measured at time t1 and the other is measured at time t2
where t1 < t2. Let us suppose that t1 is close to t2 so that the state does not have
time to change between measurements. The state will therefore change only due to
collapse. Take the initial state as

ψ =
1√
5

[
2
1

]
.

(a) Suppose that Sz is measured at time t1 and Sx is measured at time t2. Fill out
the following table.

Outcome Outcome Joint State between State
for Sz for Sx probability t1 and t2 after t2
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·

(a′) Evaluate 〈Sx〉 and 〈Sz〉.
(b) Now, consider the other scenario where Sx is measured first at time t1 and Sz is

measured at time t2. Fill out the corresponding table.

(b′) Evaluate 〈Sx〉 and 〈Sz〉 for this scenario.

(c) Compare the outcomes in the two scenarios. Based on this, what can you say
about the meaningfulness of “measuring Sx and Sz at the same time”?
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3. Let

ψ =

[
a
b

]
be an arbitrary normalized vector, i.e., a and b are complex numbers such that |a|2 +
|b|2 = 1.

(a) Find 〈σx〉, 〈σy〉 and 〈σz〉.

(b) Define ni = 〈σi〉 for i = 1, 2, 3. Show that ~n = nxı̂ + ny ̂ + nzk̂ is always a unit
vector.

(c) Let σn = n̂ · ~σ. Show that 〈σn〉 = 1.

(d) Now consider Sn = n̂ · ~S, component of spin along n̂. Let p± be the probabilities
of obtaining the outcomes ±~/2 when Sn is measured. Compute p±. (Hint: since
p+ + p− = 1, there is only one unknown that you can determine from 〈σn〉 = 1.)

(e) Show that ∆Sn = 0 and consequently argue that ψ is an eigenstate of Sn. What
is the eigenvalue?

(f) Consider the state

ψ =
1√
3

[
1

1− i

]
.

This state is a spin-up state along some direction n̂. What is that direction?
Verify your answer by directly computing Snψ.

4. Let n̂ and m̂ be two directions in space. Suppose that an electron is in the spin-up
state along n̂, i.e., the state is |n̂ ↑〉.

(a) Show (or argue) that 〈
~S
〉

=
~
2
n̂

Hint: remember the conclusions of the previous problem.

(b) Use part (a) to compute 〈Sm〉. Does this expectation value depend only on the
angle between n̂ and m̂?

(c) When Sm is measured, let p± be the probabilities of obtaining the outcomes ±~/2.
Compute p±. (Hint: read the hint of 3(d).)

(d) Compute 〈Sm〉, p+ and p− by using the formulas above for the following special
cases.

∗ when m̂ = n̂,

∗ when m̂ = −n̂,

∗ when m̂ ⊥ n̂,



PHYS 507 (2015-2)
Homework 2
Due: March 22, 2016, Tuesday, 17:00.

1. Consider an inner product defined for functions on an interval

〈f |g〉 =

∫
f ∗(t)w(t)g(t)dt ,

like the one in homework-1 problem 1 (but, do not assume a specific form for the weight
function w(t)). Let Pn(t) be a degree n polynomial which is defined by the conditions
that (i) it is orthogonal to all polynomials with degree n − 1 or lower and (ii) it is
normalized.

(a) Show that 〈Pn|Pm〉 = 0 if n 6= m. (Therefore, the polynomials P0, P1, P2, . . . form
an orthonormal set. It can be shown that these polynomials also form a basis for
the Hilbert space defined by the above inner product.)

(b) Show that tPn(t) is orthogonal to all Pm with |m− n| ≥ 2. In other words, show
that ∫

tP ∗n(t)Pm(t)w(t)dt = 0 if |m− n| ≥ 2 .

(c) Show that there are numbers an, bn and cn such that

tPn(t) = anPn−1(t) + bnPn(t) + cnPn+1(t) .

Express all three numbers in terms of inner products and show that an = cn−1.

(d) Show that tkPn(t) is orthogonal to all Pm with |m− n| > k.

2. Compute the following commutators by using only the fundamental commutation rela-
tion [xj, pk] = i~δjk and derivative rule for the commutators, [Q,AB · · ·D] = [Q,A]B · · ·D+
A[Q,B] · · ·D + · · · + AB · · · [Q,D].

(a) [x, p3x]

(b) [x2px, xp
2
x]

(c) [x, eλpx ]

(d) [xpy − ypx, ypz − zpy]
(e) [(xpx + pxx)/2, xnpmx ]

3. Consider a free particle in 1D. The Hamiltonian contains only the kinetic energy term,

H =
p2

2m
.

Let 〈A〉t denote the expectation value of A at time t. You will use Ehrenfest theorem
to compute the time dependence of some expectation values without using an explicit
reference to the state.
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(a) First, compute the time derivatives of the following expectation values.

〈x〉t , 〈p〉t ,
〈
p2
〉
t
, 〈xp+ px〉t ,

〈
x2
〉
t
.

(b) Now, you will find solutions to the equations above. Remember that, if the time
derivative of f(t) is g(t), then f(t) can be obtained as an integral of g(t), i.e.,

d

dt
f(t) = g(t) =⇒ f(t) = f(0) +

∫ t

0

g(t′)dt′ .

As a result, if the time dependence of g(t) is known explicitly, then the time depen-
dence of f(t) can be found. Of course, the expression also includes the initial value
f(0), which serves as an arbitrary integration constant.

Inspecting the equations you have obtained in part (a), first identify the equations
which have derivatives with known time dependence, integrate these, and repeating
these steps obtain the time-dependence of all expectation values in part (a). In
other words, find 〈x〉t , · · · , 〈x2〉t in terms of t, 〈x〉0 , · · · , 〈x2〉0. (Hint: First find
〈p〉t, then use this to find 〈x〉t, etc.)

(c) Use the results above to find an expression of (∆x)2t in terms of t and some initial
values.

4. Consider a free particle in 1D with the Hamiltonian

H =
p2

2m
− Fx ,

where F is some constant.

(a) It is always useful to try to identify the physical system such a Hamiltonian de-
scribes, because we can then physically interpret your results and possibly pinpoint
mistakes. What kind of a system does H describe?

(b) Use Ehrenfest theorem to find the time derivatives of 〈x〉t and 〈p〉t.
(c) Integrate the expressions you have found above to find the explicit expressions of
〈x〉t and 〈p〉t in terms of time t and the initial values 〈x〉0 and 〈p〉0. Interpret these
in view of your answer to part (a).

5. Consider a particle in 3D with a Hamiltonian

H =
p2

2m
+ V (~r) =

p2x + p2y + p2z
2m

+ V (x, y, z) .

Suppose that the potential V binds the particle and H has bound energy eigenstates
|ϕn〉. Let 〈· · · 〉n denote the expectation values in the nth energy eigenstate and let 〈· · · 〉t
denote the time dependent expectation values as in previous problems.

(a) Suppose that the state at time t = 0 is the nth energy eigenstate, |ψ(t = 0)〉 = |ϕn〉.
Let A be an operator which has no explicit time dependence. Does 〈A〉t depend on
time? Apply Ehrenfest theorem for the time-derivative of 〈A〉t and show that

〈[A,H]〉n = 0 .
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(b) Use the trick above to show that

〈px〉n = 〈py〉n = 〈pz〉n = 0 ,〈
∂V

∂x

〉
n

=

〈
∂V

∂y

〉
n

=

〈
∂V

∂z

〉
n

= 0 .

Which of the above relations corresponds to the time-independence of which ob-
servable’s expectation value?

6. Let A and B be two operators which may or may not commute. Consider the expression

F (λ) = eλABe−λA ,

where λ is a variable parameter. Such kind of expressions are met frequently in quantum
mechanics. Luckily, they can usually be simplified. Part (a) below is the most critical
observation, the rest follows straightforwardly.

(a) Show that
dF (λ)

dλ
= eλA[A,B]e−λA = [A,F (λ)] .

(b) Using the identity in part (a) repeatedly show that

dnF (λ)

dλn
= eλA [A, [A, · · · [A,B] · · · ]]︸ ︷︷ ︸

n commutators

e−λA = [A, [A, · · · [A,F (λ)] · · · ]]︸ ︷︷ ︸
n commutators

.

(c) Taylor series expansion is a useful relation. It says that

F (λ) = F (0) + F ′(0)λ+
1

2
F ′′(0)λ2 + · · · =

∞∑
n=0

F (n)(0)

n!
λn ,

where F (λ) is any analytic function and F (n) represents the nth derivative. Use
this to show that

eλABe−λA = B + λ[A,B] +
λ2

2
[A, [A,B]] + · · · =

∞∑
n=0

λn

n!
[A, [A, · · · [A,B] · · · ]]︸ ︷︷ ︸

n commutators

.

(This relation is sometimes called Baker-Campbell-Hausdorff formula, but it isn’t.)

(d) Let a be a real number. The operator T (a) defined by

T (a) = exp

(
− i
~
apx

)
is called the translation operator corresponding to translation by a along the x-
direction. Never mind the name; compute the following

T (a)†xT (a) .
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7. Since neutrons are more massive than protons, it is tempting to think of neutrons as
protons that have captured an electron. In that case, the rest energy difference between
neutrons and protons, (mn−mp)c

2, can be interpreted to be due to the captured electron
(i.e., electron’s rest+kinetic energy). However, this is a mistaken view as you will show
below.

(a) Suppose that an electron is really captured inside a proton. Get rough, order-of-
magnitude estimates of the uncertainties in its position and momentum. (Note:
Typical “size of proton” is around 1 fm.)

(b) It is reasonable to estimate the typical momentum values to be around the un-
certainty, ptypical ∼ ∆p, or more. Is the captured electron relativistic or non-
relativistic? After deciding on this, compute the typical energy (rest+kinetic) of
the electron.

Note: The correct energy-momentum relation for electrons is Ee =
√
p2c2 +m2

ec
4.

The electron is non-relativistic if p� mec, in which case the relation reduces to the
well-known non-relativistic form, Ee ≈ mc2 + p2/2me. Otherwise, if p & mec, the
electron is relativistic.

(c) Compare the rest energy difference, (mn − mp)c
2, and the typical energy of the

captured electron, Ee. Based on this, evaluate the claim that “neutrons are just
bound proton+electrons.”



PHYS 507 (2018-2)
Homework 2
Due: March 27, 2019, Wednesday, at 17:30.

1.20 A particle living in 1D space has
the following position space wave-
function

ψ(x′) = Ne−K|x
′|

where K > 0 is a positive constant
and N is a normalization constant.

x′

ψ(x′)

(a) After finding N , compute the momentum-space wavefunction, ψ̃(k).

(b) Find the probability distribution function of the momentum of this particle. In
other words, if we measure the momentum of this particle, let P (k)∆k be the
probability that the measured value of the momentum will turn out to be in the
(~k, ~k + ~∆k). Find P (k).

(c) Plot P (k).

2.20 Consider the state ψ(x′) mentioned in problem 1. For this state, compute the uncertain-
ties ∆x and ∆p and check if the uncertainty relation is satisfied.

Note that, to solve this problem, you don’t need to use the momentum-space wavefunction,
which you may have computed in problem 1. Remember also that 〈p2〉 = ‖p̂ψ‖2. You
will need the following gamma function inetgrals:∫ ∞

0

xne−λxdx =
n!

λn+1
.

3.20 Let Â and B̂ be two operators which do not necessarily commute with each other (i.e.,

[Â, B̂] might be non-zero. The following type of expressions appear frequently in quan-
tum mechanics

F̂ (λ) = eλÂB̂e−λÂ .

Here λ is a scalar parameter (it doesn’t matter whether it is real or complex) and F̂ (λ)
is an operator-valued function of the parameter λ. There is a very useful expansion of
this function, which you are going to prove and use.

(a) i. Show that the first derivative of F̂ (λ) is given by the following expression

d

dλ
F̂ (λ) = eλÂ [Â, B̂] e−λÂ

ii. The result in part (a) was the critical step. Now you can use this result over
and over again to show that the nth derivative is given as

dn

dλn
F̂ (λ) = eλÂ [Â, [Â, [ · · · , [Â, B̂] · · · ]]]︸ ︷︷ ︸

n commutators

e−λÂ
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iii. Since you know all derivatives of F̂ (λ), you can express that function in a Taylor
series. If we expand this function around λ = 0, we get

F̂ (λ) =
∞∑
n=0

λn

n!
F̂ (n)(0) .

Determine all terms in that series. This result is usually known as Baker-
Hausdorff formula (which should not be confused with Baker-Hausdorff-Campbell
lemma).

(b) Let T̂ (a) = exp (−(i/~)p̂a) be the translation operator. Compute

T̂ †(a) x̂ T̂ (a) .

4.15 Consider a particle with mass m in 1D which moves under the effect of a constant force
F . For such a particle, the potential-energy function is linear, V (x) = −Fx and the
corresponding Hamiltonian is

Ĥ =
p̂2

2m
− Fx̂ .

Suppose that you want to find the energy eigenstates, i.e., solve Ĥ |ψ〉 = E |ψ〉. The
position-space wavefunctions that correspond to the energy eigenstates appear to be
Airy functions. Although these functions are not “difficult”, they are not elementary
either.

However, it appears that you can compute the momentum-space wavefunctions easily.
Express the equation (

p̂2

2m
− Fx̂

)
|ψ〉 = E |ψ〉

in terms of the momentum-space wavefunction and solve it.

Note: Do not try normalize these wavefunctions. Since energy eigenvalues E are in a
continuum, these wavefunctions can only be normalized with a Dirac–δ normalization.

5.10 Show that, if the position-space wavefunction is real valued (i.e., ψ∗(x′) = ψ(x′)) then
the probabilities of opposite momenta are equal (in other words, +~k and −~k have
equal probability densities, P (+k) = P (−k).)

6.15 A boost is a symmetry operation that gives an additional velocity ~v0 to all particles in
the system. This is equivalent to looking at the system from another reference frame
which is moving with velocity −~v0. We sometimes express the Galilean and Einsteinian
relativity as a symmetry principle: The physics does not change under boosts. This
is the reason why we tend to consider the boosts as symmetry operations just like the
translation and rotations.

For a non-relativistic particle, a boost appears like a shift in the momentum. Show
that, for a particle in 1D in a state with position-space wavefunction ψ(x′), the following
wavefunction

ψB(x′) = eik0x
′
ψ(x′)

corresponds to a boosted state. In other words, show that the momentum distribution
in state |ψB〉 can be obtained by shifting the momentum distribution in the state |ψ〉 by
a constant amount.



PHYS 507
Homework III

Due: October 30, 2002, Wednesday.
Notes: Solutions will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/ on
November 4, 2002, Monday (doomsday).

1. Let |ψ〉 be an arbitrary normalized state, and let |φ〉 be the state obtained by translating the system
in |ψ〉 by a distance a. (i.e., |φ〉 = T (a)|ψ〉.) By using the properties of the translation operator
show that the expectation value of position operator satisfies

〈x〉φ = 〈x〉ψ + a .

2. We have defined the translation operator by T (a)|x′〉 = |x′ + a〉. We have also argued that it is
unitary (T (a)† = T (a)−1 = T (−a)). By using these properties of the translation operator calculate

(a) 〈x′|T (a) ,

(b) 〈x′|T (a)|ψ〉 in terms of the wavefunction ψ(x′) = 〈x′|ψ〉,

(c) T (a)†|x′〉〈x′|T (a) ,

(d)
∫
T (a)†|x′〉〈x′|T (a)dx′ ,

(e)
∫
x′T (a)†|x′〉〈x′|T (a)dx′ .

3. Consider the operator S(a) defined by

S(a) =
∫

|x′ + a〉〈x′|dx′ .

Show the following

(a) S(a)† = S(−a).
(b) S(a)S(b) = S(a+ b).

(c) What is S(a)|x′〉?

4. In this problem, we will answer the question of how the position operator, x, acts on the momentum
space wavefunction ψ̃(p′).

(a) Show that 〈p′|x|x′〉 = ih̄ ∂
∂p′ 〈p′|x′〉 .

(b) Using the result in part (a), show that 〈p′|x|ψ〉 = ih̄ ∂
∂p′ 〈p′|ψ〉 .

(c) Using the result in part (b) calculate the expectation value 〈ψ|x|ψ〉 in terms of the momentum
space wavefunction ψ̃(p′) = 〈p′|ψ〉.

5. (a) Calculate e−iθ(x)peiθ(x). (Here, θ(x) is a function of the operator x.)

(b) Consider the operator B(λ) = exp( iλxh̄ ) where λ is a real variable. Find B(λ)†pB(λ).

(c) Show that B(λ)|p′〉 is an eigenket of the momentum operator p. What is the eigenvalue?

(d) Let |φ〉 = B(λ)|ψ〉. Express the position space wavefunction for |φ〉 in terms of the position
space wavefunction for |ψ〉.

(e) Do the same for momentum space wavefunctions.

1



Summary of things we have seen.

Position Operator x:

• x|x′〉 = x′|x′〉 .

• Normalization 〈x′|x′′〉 = δ(x′ − x′′) .

• 1 =
∫
|x′〉〈x′|dx′ .

• x =
∫
x′|x′〉〈x′|dx′ .

• Position space wavefunction: ψ(x′) = 〈x′|ψ〉 .

• 〈x′|x|ψ〉 = x′〈x′|ψ〉 = x′ψ(x′) .

• 〈ψ|φ〉 =
∫
〈ψ|x′〉〈x′|φ〉dx′ =

∫
ψ∗(x′)ψ(x′)dx′ .

• 〈ψ|x|ψ〉 =
∫
ψ∗(x′)x′ψ(x′)dx′ .

Translation Operator: T (a) moves the system by a distance a.

• T (a)|x′〉 = |x′ + a〉 .

• T (a)T (b) = T (a+ b).

• T (a) is unitary: T (a)† = T (a)−1 = T (−a) .

• T (a) = exp
(
− i
h̄pa

)
where p is the momentum operator.

• T (a)†xT (a) = x+ a.

Momentum operator and its eigenkets

• [p, x] = h̄
i .

• p|p′〉 = p′|p′〉 .

• normalization 〈p′|p′′〉 = δ(p′ − p′′) .

• 1 =
∫
|p′〉〈p′|dp′ .

• 〈x′|p′〉 = 1√
2πh̄

exp
(
ip′x′

h̄

)
.

• Momentum space wavefunction: ψ̃(p′) = 〈p′|ψ〉 .

• Position and momentum space wavefunctions are Fourier transforms of each other.

ψ(x′) = 〈x′|ψ〉 =
∫
〈x′|p′〉〈p′|ψ〉dp′ =

1√
2πh̄

∫
exp

(
ip′x′

h̄

)
ψ̃(p′)dp′

ψ̃(p′) = 〈p′|ψ〉 =
∫
〈p′|x′〉〈x′|ψ〉dx′ =

1√
2πh̄

∫
exp

(
−ip′x′

h̄

)
ψ(x′)dx′

2



PHYS 507
Homework III

Due: April 11, 2003, Friday.

1. The Hamiltonian for the spin-degree of freedom of an electron in a magnetic field
along x-axis (~B = Bx̂) is given by

Hspin = +µBBσx ,

where µB is a fundamental constant known as Bohr magneton.

(a) Find the time-development operator U(t) for this electron.

(b) If χ(t) denotes the spin-state of the electron at time t, find χ(t) when the
electron was in spin-up along-z state initially, i.e.,

χ(0) =

[
1
0

]
.

(c) Find χ(t) when the electron was in spin-down along-z state initially, i.e.,

χ(0) =

[
0
1

]
.

(d) Verify that the two answers you have found in parts (b) and (c) above are
orthogonal to each other at all times. (In other words, if you call the result of
(b) as χb(t) and the result of (c) as χc(t) then verify that 〈χb(t)|χc(t)〉 = 0 for
all times t.) What is the mathematical reason for this?

2. Consider a particle in a one-dimensional box with length L. Infinite potential barriers
force the particle to move only in the region 0 < x′ < L, and within this region the
particle is free. The eigenfunctions and the energy eigenvalues of that problem is
known as

ϕn(x′) = 〈x′|ϕn〉 =

√
2

L
sin

nπx′

L
,

En =
n2h̄2π2

2mL2
,

where n = 1, 2, . . .. Suppose that the particle is in the state

|ψ(0)〉 =
1√
2
|ϕ1〉 +

1√
2
|ϕ2〉

at t = 0.

1



(a) Calculate the probability density at time t, P (x′, t) = |ψ(x′, t)|2 = |〈x′|ψ(t)〉|2.
Is it a periodic function of time? If so, what is the period T?

(b) Plot the probability density at t = 0.

(c) Plot it at t = T/2.

(d) Plot it at t = T/4. Is P (x′, T/4) different than P (x′, 3T/4)?

3. The Hamiltonian of a free particle in one dimension is H = p2/2m. At t = 0, the
position-space wavefunction of the particle is known to be given by the following
Gaussian

ψ(x′, t = 0) = 〈x′|ψ(0)〉 = N exp(− x′2

4σ2
+ ik0x

′) ,

where σ and k0 are some constants and N is a normalization factor.

(a) Find an appropriate value for the normalization factor N .

(b) Calculate the momentum-space wavefunction ψ̃(p′, 0) = 〈p′|ψ(0)〉 at t = 0.

(c) Calculate the momentum-space wavefunction at a later time t. (i.e., what is
ψ̃(p′, t) = 〈p′|ψ(t)〉 =?)

(d) Using the result found in part (c), calculate the position-space wavefunction at
a later time t. (i.e., what is ψ(x′, t) = 〈x′|ψ(t)〉 =?)

Hint: ∫ +∞

−∞
e−λu2+µudu =

√
π

λ
exp

(
µ2

4λ

)
for any λ that has a positive real part.

4. A certain particle in one-dimension has a Hamiltonian given by H = cp where c is a
constant (there is no such particle in nature.) By calculating the time derivatives of
expectation values, find 〈x〉t, 〈p〉t, (∆x)t and (∆p)t for any time t in terms of some
initial expectation values.

5. The Hamiltonian

H =
p2

2m
− Fx

describes a particle in one-dimension moving under the effect of a constant force F .

(a) Calculate the operators xH(t) and pH(t) used in the Heisenberg picture. (Hint:
The expansion

eABe−A = B + [A,B] +
1

2!
[A, [A,B]] + · · · + 1

n!
[A, [A, . . . , [A,B] . . .]] + · · ·

will be extremely useful in here.)

(b) Using the Heisenberg-picture operators found above, calculate 〈x〉t, 〈p〉t, (∆x)t

and (∆p)t at any time t. (Of course, you need to express them in terms of
certain expectation values at t = 0.) [Another Hint: 〈A〉t = 〈AH(t)〉0 for any
operator A.]
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PHYS 507
Homework III

Assigned: October 30, 2003, Thursday.
Due: November 10, 2003, Monday, at 5:00 pm.

1. We have said in class that the “equation of motion” for the average position,〈x〉t, of a
particle with the Hamiltonian H = p2/2m + V (x) is

m
d2

dt2
〈x〉t = −〈V ′(x)〉t ,

and this is the classical equation of motion if 〈V ′(x)〉t ≈ V ′(〈x〉t). Whenever this
approximation is good we are in the “classical limit” where use of quantum mechan-
ics may be unnecessary. If the approximation is bad then we have to use quantum
mechanics.

(a) Consider a wave packet centered at 〈x〉t = a with a width of ∆x. By carrying out
a Taylor series expansion of V ′(x) around a, calculate the lowest-order term in the
difference between 〈V ′(x)〉t and V ′(〈x〉t). Calculate the percentage error made by
replacing quantum mechanical expression with a classical one. How large should
∆x be in order to be in the classical limit?

(b) Consider specifically the potential for a one-dimensional Coulomb problem, V (x) =
−A/|x|. When can we say that the classical solution for 〈x〉t is good?

2. Let |ϕn〉 denote the normalized eigenkets of a Hamiltonian H with eigenvalues En.
(i.e., H|ϕn〉 = En|ϕn〉 and 〈ϕn|ϕn〉 = 1.) Let us denote the expectation values in state
|ϕn〉 by 〈· · · 〉n.

(a) Show that if an operator B can be expressed as B = [H,A] where A is some
other operator, then 〈B〉n = 0 for all eigenkets of H. (Note that these are usually
non-zero operators.)

(b) Consider the case B = [H,A] where A = (xp + px)/2 and H = T + V where
T = p2/2m is the kinetic energy operator and V = V (x) is the potential energy
operator. Prove the Virial theorem: 2 〈T 〉n = 〈xV ′(x)〉n.

(c) Apply the theorem to the case V (x) = Axk where A and k are constants and
express 〈T 〉n and 〈V 〉n in terms of the energy eigenvalue, En. Express these
relations for two special problems (i) Harmonic oscillator where k = 2 and A > 0
and (ii) One-dimensional Coulomb potential where k = −1 and A < 0.

(d) The restriction 〈ϕn|ϕn〉 = 1 is important. As an example consider the free particle
case with V = 0. What does the virial theorem imply? What is the actual value
of 〈T 〉 and 〈V 〉 in terms of the energy eigenvalue?

3. The Hamiltonian operator for a particle is given as

H =
1

2m
(p + ct)2 ,

where c is a real constant.

1



(a) Calculate 〈x〉t and 〈p〉t at any time t in terms of some initial expectation values.

(b) If you need to define a “velocity operator” how would you define it? What is the
velocity at time t? What is the “acceleration”?

(c) Calculate ∆xt and ∆pt in terms of some initial expectation values. Calculate also
the time dependence of uncertainty in velocity?

4. When an electron is placed in a magnetic field ~B, its spin degree of freedom become
affected by the presence of the field with a spin-dependent term in the Hamiltonian,
Hspin = −~µ · ~B, where ~µ is the magnetic moment of the electron given by ~µ = −µB~σ.
Here, µB ≈ eh̄/2mc is a constant known as a Bohr magneton. For cases where we are
interested in the spin degree of freedom only, the orbital motion of the electron can be
omitted. In this case the time-dependence of the spin state of the electron is entirely
determined by Hspin. Suppose that the magnetic field is oriented along y direction,
~B = Bŷ. In this case we have Hspin = µBBσ2.

(a) What are the eigenvalues of Hspin? What is the angular frequency, ω, of the
photons emitted in the transitions between these levels? (In the following, you
can use the symbol ω to simplify the notation.)

(b) Calculate the time-development operator U(t) for this Hamiltonian? Is U(t) a
periodic function of time? If so, what is the period?

(c) Suppose that at time t = 0 the electron is in a spin-up state along z axis repre-
sented by the vector

χ(t = 0) =

[

1
0

]

.

What is the spin-state at time t?

(d) Calculate
〈

~S
〉

t
where ~S = h̄

2
~σ is the spin operator. Is the expectation value a

periodic function of time? If so what is the period?

(e) What is the probability of obtaining +1 as a result when σ1 is measured at time
t?

5. The Hamiltonian

H =
p2

2m
+ Fx

describes a particle in one-dimension moving under the effect of a constant force F .

(a) Calculate the operators xH(t) and pH(t) used in the Heisenberg picture.

(b) Using the Heisenberg-picture operators found above, calculate 〈x〉t, 〈p〉t, (∆x)t

and (∆p)t at any time t.

(c) Calculate the operator
1

2m
pH(t)2 + FxH(t) .

Does this operator depend on time? Why?

2



PHYS 507
Homework III

Assigned: March 23, 2004, Tuesday.
Due: April 2, 2004, Friday, at 5:00 pm.

1. This problem contains short exercises for expressing certain matrix elements in terms
of position-space wavefunctions. Here, |x′〉 represents a position eigenket where x′ is a
real number (an eigenvalue of the position operator x).

(a) Express 〈ψ|p|x′〉 in terms of the wavefunction of |ψ〉 by calculating the complex
conjugate of 〈x′|p|ψ〉.

(b) Express 〈ψ|p|x′〉 in terms of the wavefunction of |ψ〉, this time by calculating
〈ψ|T (a)|x′〉, taking its derivative with respect to a and setting a = 0. (Same
expression, different derivation.)

(c) The matrix element 〈ψ|p|φ〉 can be expressed in the following two alternative ways
∫ +∞

−∞
dx′〈ψ|p|x′〉〈x′|φ〉 and

∫ +∞

−∞
dx′〈ψ|x′〉〈x′|p|φ〉 .

Express both in terms of the wavefunctions and explain why they are equal?

(d) Express 〈ψ|p2|ψ〉 in terms of only the first derivative of the wavefunction of |ψ〉.
(Hint: 〈ψ|p2|ψ〉 = 〈ψ|p · 1 · p|ψ〉)

2. Suppose that a ket |ψ〉 satisfies the (eigenvalue) equation (Ap2 + Bx) |ψ〉 = E |ψ〉,
where A, B and E are some real numbers. Rewrite this expression

(a) in terms of the position-space wavefunction,

(b) in terms of the momentum-space wavefunction.

3. A particle is in a state |ψ〉 with the position-space wavefunction

ψ(x′) = 〈x′|ψ〉 = N exp(−λ |x′|) ,

where λ is a real, positive constant and N is a normalization factor.

(a) Find a value for the normalization constant N .

(b) What is the probability density, P (p′), for the momentum distribution of this
particle (remember that P (p′)dp′ is the probability of finding the momentum
between p′ and p′ + dp′). Sketch a graph of this function.

(c) Using (b) evaluate 〈p2〉.

Hint:

∫ +∞

−∞

du

u2 + 1
= π ,

∫ +∞

−∞

du

(u2 + 1)2
=

π

2
.

4. Show that if the position-space wavefunction is real for a state |ψ〉, (ψ(x′)∗ = ψ(x′)),
then opposite momentum values (such as p′ and −p′) are equally probable.

5. Calculate i. T (a)xT (a)†, ii. T (a)x2T (a)†, iii. T (a)f(x)T (a)† and iv. T (a)pT (a)†.



PHYS 507
Homework III (Fall ’04)

Assigned: October 27, 2004, Wednesday.
Due: November 5, 2004, Friday, at 5:00 pm.

1. Let |ϕn〉 be normalized eigenkets of a Hamiltonian H with energy eigenvalues En. We
are going to denote the expectation value of an operator A in state |ϕn〉 by 〈A〉n.

(a) Show that if an operator A can be expressed as A = [H, B] for some operator B,
then A has zero expectation value in all energy eigenstates |ϕn〉, i.e., 〈A〉n = 0.

(b) Let H = p2/2m + V (x). Taking B = x, show that 〈p〉n = 0.

(c) Taking B = xp and the Hamiltonian above, prove the virial theorem: 2 〈T 〉n =
〈xV ′(x)〉n where T = p2/2m is the kinetic energy operator.

(d) Applying the virial theorem to the case V (x) = A |x|k where A and k are con-
stants, find expressions for the average kinetic and potential energies (〈T 〉n and
〈V 〉n) in terms of En.

2. Let an electron be placed in a uniform magnetic field along x-axis ( ~B = Bx̂). Although
both the positional part and the spin part of the state of the electron will be affected
by the presence of the magnetic field, we can separate the two parts in this special case
(uniform field). It is known that the time dependence of the spin-state of the electron
is governed by the Hamiltonian

H = −~µ · ~B = −µxB ,

where ~µ = −µB~σ is the internal magnetic dipole moment of the electron. The constant
µB ≈ eh̄/2mc is known as the Bohr magneton.

(a) Since there are only two levels in this system, there is only one “frequency” that
enters into the time dependence of expectation values. Find the energy eigenvalues
of the Hamiltonian and then calculate the frequency ω (h̄ω = E2 − E1). Rewrite
the Hamiltonian using ω.

(b) Calculate the time-development operator U(t). (Note that you have solved this
problem before).

(c) Let the electron be in the ‘spin-up along-z’ state at time t = 0, represented by
the vector

ψ(t = 0) =

[
1
0

]
.

What is the spin state at time t, ψ(t) =? Is the state periodic? If so what is the
period?

(d) Using this state calculate 〈σx〉t, 〈σy〉t and 〈σz〉t. Are these periodic? If so what
is their period? Is 〈~σ〉t a unit vector? Could you have shown that 〈σx〉t is time-
independent without calculating it?

1



3. Suppose that a particle in 1D has a Hamiltonian of the form H = f(p) where f is an
arbitrary function. Usual cases are f(p) = p2/2m for a non-relativistic particle and
f(p) =

√
p2c2 + m2c4 for a relativistic particle. But more complicated cases can be

met in solid state physics. This problem does not depend on the specific form of f(p),
so keep it arbitrary.

(a) Show that 〈g(p)〉t is independent of time for any initial state. Here g is any
function. (You will use this general result below.)

(b) If you needed to define a velocity operator, v, for this particle, how would you
define it?

(c) Calculate 〈x〉t and 〈x2〉t in terms of initial expectation values and t. Here you
may use the velocity operator you have defined above.

(d) Show that at large times, the width ∆xt of the wave functions extends linearly
with time according to

∆xt

t
≈ ∆v as t → +∞ ,

again independent of the initial wavefunction. Here ∆v is the uncertainty in
velocity.

4. Calculate the following operator expressions

eiθ(x)pe−iθ(x) =? , eiθ(x)p2e−iθ(x) =?

Here θ(x) is an arbitrary function of the operator x.

5. Consider a particle with mass m constrained to move inside a 1D box with length L.
We assume that the potential is zero inside the box, while it is infinite outside, so that
the particle can never get out of the box. (V (x) = 0 for 0 < x < L and V (x) = ∞
otherwise). In this problem we will apply the old quantum theory to find the energy
levels of this particle. According to this theory, we can still consider the classical
motion of the particle. But the particle should have definite energies En which are
obtained by applying the condition that the action integral is an integer multiple of h.

∮
pdx = nh ,

where ‘o’ shows that the integral is evaluated over one period only. Calculate the
integral in terms of energy and from here calculate the quantized energy values, En.
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PHYS 507
Homework III (Spring ’05)

Assigned: March 23, 2005, Wednesday.
Due: April 1, 2005, Friday, at 5:00 pm.

1. Let |φ〉 be a normalized state where the position-space wavefunction φ(x′) = 〈x′|φ〉 is
real valued (φ(x′)∗ = φ(x′)).

(a) Show that average momentum in state |φ〉 is zero: 〈φ|p|φ〉 = 0.

(b) Show that the momentum-space wavefunction of |φ〉 satisfies φ̃(p′)∗ = φ̃(−p′),
therefore p′ and −p′ are equally probable.

(b) Let |ψ〉 be another state with wavefunction ψ(x′) = φ(x′)eikx′ where k is real.
Show that 〈ψ|p|ψ〉 = h̄k.

2. The position-space wavefunction of a particle is given as

ψ(x′) =

{
1/
√

2a when − a < x′ < a ,
0 otherwise ,

i.e., the particle is present only between −a and +a with equal probability and ampli-
tude.

(a) What is the momentum-space wavefunction, ψ̃(p′)? Sketch a graph of this func-
tion.

(b) What is 〈p〉?
(c) If momentum is measured, certain particular values of it cannot be observed.

What are these? Can p′ = 0 be observed?

3. Calculate the following

(a) T (a) |p′〉
(b) 〈p′|T (a)

(c) 〈p′|T (a)|ψ〉
4. Let |φ〉 be a state obtained by translating the state |ψ〉 by a distance a, i.e., |φ〉 =

T (a) |ψ〉.
(a) What is the relation between the position-space wavefunctions?

(b) What is the relation between the momentum-space wavefunctions?

(c) Show that the probability-density function for momentum distribution for both
states is the same.

5. Express 〈ψ|x|ψ〉 in terms of (i) the position-space wavefunction and (ii) the momentum-
space wavefunction.

1



PHYS 507
Homework III (Fall ’05)

Assigned: October 17, 2005, Monday.
Due: October 26, 2005, Wednesday, at 5:00 pm.

1. (a) Show that if X and Y are hermitian operators, then [X, Y ] is anti-hermitian.

(b) Show that for any operator A, the operator A†A is hermitian and has no negative
eigenvalues. (Hint: First show that any expectation value is non-negative.)

2. Let |ψ〉 be the state of a certain particle in 1D which has the following position-space
wavefunction

ψ(x′) = 〈x′|ψ〉 = N exp

(
− x′2

4σ2
+ ikx′

)
.

(a) Find the normalization factor N (based on 〈ψ|ψ〉 = 1).

(b) Find the momentum-space wavefunction ψ̃(p′) = 〈p′|ψ〉.
(c) Using the momentum-space wavefunction compute 〈p〉 and 〈p2〉.

3. Suppose that a particle in 1D has a position-space wavefunction which is real valued,
i.e., ψ(x′)∗ = ψ(x′). This case is a frequently met in applications.

(a) Show that the momentum-space wavefunction ψ̃(p′) = 〈p′|ψ〉 satisfies the property
ψ̃(p′)∗ = ψ̃(−p′).

(b) First note that the probability density for momentum, P̃ (p′) =
∣∣∣ψ̃(p′)

∣∣∣
2

is an even

function of p′. In other words, P̃ (p′) = P̃ (−p′); the momenta p′ and −p′ are
equally probable. Based on this, what can you say about 〈p〉 and 〈p17〉?

4. Using only the fact that the position-momentum commutation relation is [x, p] = ih̄,
compute all of the following.

(a) (i) [x, p5], (ii) [x5, p], (iii) [x5p, p], (iv) [x5, p2], (v) [x45p, px137].

(b) (i) exp(−iap/h̄) x exp(+iap/h̄), (ii) exp(−iap/h̄) x17 exp(+iap/h̄),
(iii) exp(−iap/h̄) f(x) exp(+iap/h̄) where f is any function.

(c) Let A = xp + px. What are (i) [A, x] and (ii) [A, p]?

(d) What are (i) exp(iαA) x exp(−iαA) and (ii) exp(iαA) p exp(−iαA)?

5. Consider a spin 1/2 particle.

(a) Show that [σx, σy] = 2iσz.

(b) What is the uncertainty inequality satisfied by the product ∆σx∆σy?

(c) Suppose that the particle is in spin-up state along z. Compute both ∆σx and
∆σy and show that the uncertainty relation in part (b) is indeed satisfied.

(d) Suppose this time the particle is in the spin-up state along x. What is ∆σx?
What does the uncertainty relation say about 〈σz〉?

1



PHYS 507
Homework III (Spring ’06)

Assigned: March 1, 2006, Wednesday.
Due: March 8, 2006, Wednesday, at 5:00 pm.

1. Suppose that the ket |ψ〉 for a 1D particle, satisfies the eigenvalue equation

(
p2

2m
− Fx

)
|ψ〉 = E |ψ〉 ,

where m, F and E are real constants (this is actually the Schrödinger equation for a
particle under a constant electric field).

(a) Express this equation in terms of the position-space wavefunction ψ(x′) = 〈x′|ψ〉.
(b) Express this equation in terms of the momentum-space wavefunction ψ̃(p′) =

〈p′|ψ〉.
(c) Solve the equation in part (b) and use this solution to express ψ(x′) in an integral

form. (Do not try to normalize.)

2. (a) Use the relations 〈x′|T (a)|ψ〉 = ψ(x′ − a) and

∂

∂a
T (a)

]

a=0

= − i

h̄
p ,

to find 〈x′|p|ψ〉. (Basically the same derivation we have carried out in class.)

(b) What is 〈ψ|p|x′〉?
(c) The matrix element 〈φ|p|ψ〉 can be expressed in two alternative ways in terms of

the position space wavefunctions as

∫
〈φ|x′〉〈x′|p|ψ〉dx′ and

∫
〈φ|p|x′〉〈x′|ψ〉dx′ .

Show that these two alternative forms give the same value if |ψ〉 and |φ〉 are
normalized.

(d) There are three different alternative expressions for 〈φ|p2|ψ〉 when expressed in
terms of position-space wavefunctions. Write the one that involves only the first
derivatives of the wavefunctions.

3. Compute the following using only the commutation relation [x, p] = ih̄.

(a) (i) [x9, p], (ii) [x, p9], (iii) [x9, p9].

(b) (i) T (a)†xT (a), (ii) T (a)†x9T (a), (iii) T (a)†pT (a).

1



4. Let |ψ〉 have a gaussian position-space wavefunction

ψ(x′) = 〈x′|ψ〉 = N exp

(
−(x′ − a)2

4σ2
+ ikx′

)
.

where a, k and σ are real numbers.

(a) Find the normalization constant N (|ψ〉 is normalized).

(b) Find 〈x〉 and ∆x.

(c) Compute the momentum space wavefunction ψ̃(p′) = 〈p′|ψ〉.
(d) What are 〈p〉 and ∆p? (Note: Since the momentum-space wavefunction is also

a gaussian, you can easily guess the values of 〈p〉 and ∆p by looking at its form
without doing the same calculations you have done in part (b).)

(e) What is ∆x∆p?

Useful relations for gaussian integrals

∫
exp(−λu2)du =

√
π

λ∫
u2n+1 exp(−λu2)du = 0

∫
u2n exp(−λu2)du =

(
− ∂

∂λ

)n ∫
exp(−λu2)du =

(
− ∂

∂λ

)n √
π

λ∫
exp(−λu2 + µu)du =

∫
exp

(
−λ

(
u− µ

2λ

)2

+
µ2

4λ

)
du =

√
π

λ
exp

(
µ2

4λ

)

5. Show that if the position-space wavefunction is a real-valued function for a state |ψ〉
(i.e., ψ(x′) = ψ(x′)∗), then opposite momentum values (such as p′ and −p′) are equally
probable. What does this imply for the expectation values 〈p〉, 〈p3〉, 〈p5〉, ...?

2



PHYS 507
Homework III (Fall ’06)

Assigned: December 1, 2006, Friday.
Due: December 8, 2006, Friday.

1. Consider a charged particle with charge Q moving under an electromagnetic field with
scalar and vector potentials φ and ~A, which might depend on both position and time.
The Hamiltonian of the particle is

H =
1

2m

(
~p− Q

c
~A

)2

+ Qφ =
1

2m
~π2 + Qφ .

(a) Compute the commutator [πx, πy]. Does it depend on the particular gauge chosen?

(b) What is [πy, πx]?

(c) Generalize the result in part (a) to the commutator of two arbitrary components
of ~π, i.e., express [πi, πj]. (Or repeat the derivation in part (a), but note that
∂iAj − ∂jAi =

∑
k εijkBk.)

2. Consider the motion of a charged particle with charge Q moving under a uniform
electromagnetic field ~E and ~B, i.e., these fields do not depend on position, but they
might depend on time. Keep the gauge arbitrary (do not try to find φ and ~A). Using
the result in part (c) of question 1, show that

d

dt
〈~π〉t = Q

(
~E +

〈~π〉t
mc

× ~B

)
,

or in component form

d

dt
〈πi〉t = Q

(
Ei +

1

mc

∑

jk

εijk 〈πj〉Bk

)
.

In other words, the Lorentz force expression is valid provided we interpret 〈~π〉t as “mass
times velocity”.

3. Landau problem with ladder operators : Consider an electron with charge (−e) mov-
ing in the two-dimensional xy-plane, under the effect of a uniform, time-independent
magnetic field along +z direction, i.e., ~B = Bẑ with B > 0. The cyclotron frequency
is ω = eB/mc and you may want to express all quantities of interest in terms of ω

instead of B. Assume an arbitrary vector potential ~A = ~A(x, y) and do not choose a
specific function for that as the results will not depend on the gauge. The Hamiltonian
of the particle is

H =
1

2m

(
~p− Q

c
~A

)2

=
1

2m
(π2

x + π2
y) .

1



(a) Compute [πx, πy]. (Basically copy the expression from 1(c) and re-express using
ω).

(b) Consider the operator
a = D(πx − iπy) ,

where D is a real, positive constant. Show that for a particular choice of D, the
operators a and a† satisfy the commutation relation [a, a†] = 1. What should you
choose the value of D for this to be true?

(c) Express the Hamiltonian, H, in terms of a and a† alone.

(d) Based on the expression in part (c), can you find all energy eigenvalues? What
are they?

4. A continuation of the previous problem: For the previous problem, let us define two
new operators Qx and Qy as follows

~Q = ~π +
e

c
~r × ~B = (πx + mωy)x̂ + (πy −mωx)ŷ .

(a) Show that [πx, Qx] = [πy, Qy] = 0.

(b) Show that [πx, Qy] = [πy, Qx] = 0.

Basically, Qx and Qy are commuting with πx and πy (and therefore with a and a†).
We can think of them as independent operators.

(c) Compute [Qx, Qy].

(d) Consider the operator
b = D(Qx + iQy) ,

where D is the same constant that appeared in 3(b) (it has the same numerical
value). Show that b and b† obeys the commutation relation [b, b†] = 1 of ladder
operators.

(e) Show that if |ψ〉 is an eigenstate of H (say with eigenvalue E so that H |ψ〉 =
E |ψ〉), then both b |ψ〉 and b† |ψ〉 are eigenstates of H with the same eigenvalue.
(Hint: Does H commute with b and b†?)

A note on problems 3 and 4: Basically we have found two sets of ladder operators,
(a, a†) and (b, b†), which are commuting with each other ([a, b] = [a, b†] = [a†, b] = [a†, b†] =
0). You can think of them to be harmonic oscillator ladder operators belonging to two
independent oscillation modes. Landau problem, mathematically speaking, can then be
considered as a 2D oscillator with two independent oscillation modes. One of the modes has
frequency ω, i.e., the cyclotron frequency, with the corresponding ladder operators being
a and a†. And the other mode has frequency 0 with the corresponding ladder operators b
and b† (think of the expression of H in terms of these 4 operators). As the second mode
has zero frequency, the excitations along that mode does not change the total energy of the
particle. Since there are infinitely many excitations in that mode, all energy levels should
then be infinitely degenerate.

2



PHYS 507
Homework III

1. (a) Check that the matrix σx is unitary.

(b) In the 1st homework, you have shown that there is a hermitian operator B such
that

σx = eiB.

Find a possible solution for B. (Hint: Spectral decomposition.)

(c) Coupled with the fact that e2πi = 1, there are many possible solutions for B. Find
another matrix B′ such that B′ 6= B and eiB

′
= eiB = σx.

2. Remember that we define the momentum space wavefunction by ψ̃(p′) = 〈p′|ψ〉.

(a) Find the following in terms of ψ̃(p′).

〈p′|p̂|ψ〉 =?

〈p′|x̂|ψ〉 =?

These expressions will tell you how the momentum and position operators look
like for the case of momentum-space wavefunction.

(b) Use the expressions of the momentum and position operators that you have found
in part (a) to show that

[x̂, p̂] = i~ .

(c) Find
〈p′|T̂ (a)|ψ〉

and express it in terms of ψ̃(p′).

(c′) Let |φ〉 = T̂ (a) |ψ〉 be the state obtained by translating the state |ψ〉 by a distance
a. What is the relation between φ̃(p′) and ψ̃(p′)? Argue that the both states have
identical momentum distribution. (In other words, momentum distribution does
not change under translation.)

3. Consider the state |ψ〉 given by

ψ(x′) = Ne−α|x
′|

where N and α are real positive constants.

(a) Find N so that |ψ〉 is normalized.
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(b) Compute 〈x〉, 〈p〉, ∆x and ∆p by using the position space wavefunction. Check
the uncertainty relation.

Note: In computing ∆p, there are two alternative procedures for finding 〈p2〉.〈
p2
〉

= −~2
∫ +∞

−∞
ψ∗(x′)ψ′′(x′)dx′ ,

〈
p2
〉

= ~2
∫ +∞

−∞
|ψ′(x′)|2 dx′ .

Do these two expressions give the same value? (Normally they should produce the
same value. If they don’t, then that means that something that you are doing is
wrong. Perhaps, there is something important that you are missing.)

(c) Now, obtain the momentum space wavefunction ψ̃(p′) = 〈p′|ψ〉.
(d) Plot the probability distribution function for momentum. Show that 〈p4〉 = ∞.

(Could you see this from the position-space wavefunction alone?)

Hint:

∫ ∞
0

xne−λxdx =
n!

λn+1
.

4. (a) Show that if position-space wavefunction ψ(x′) is real-valued (i.e., ψ∗(x′) = ψ(x′),

then positive and negative momentum values are equally probable, i.e.,
∣∣∣ψ̃(p′)

∣∣∣2 =∣∣∣ψ̃(−p′)
∣∣∣2.

(b) Show that, if the position-space wavefunction is real, then average momentum is
zero, 〈p〉 = 0.

(c) Suppose that the position-space wavefunction is of the form ψ(x′) = f(x′)eikx
′

where k is a real constant and f(x′) is a real-valued function. Show that the mo-

mentum distribution is symmetric around ~k, (i.e.,
∣∣∣ψ̃(~k + q)

∣∣∣2 =
∣∣∣ψ̃(~k − q)

∣∣∣2)
and the average momentum is 〈p〉 = ~k.

(d) Inversion is a symmetry operation that changes x to −x and p to −p. A function
f is even under inversion if f(−x′) = f(x′); and it is odd under inversion if
f(−x′) = −f(x′). Show that, if the position-space wavefunction has an even
or odd inversion symmetry, i.e., if psi(−x′) = ±ψ(x′), then the corresponding
momentum-space wavefunction has also the same symmetry.

5. Consider the Gaussian wavefunction

ψ(x′) =
1

(2π)1/4
√
σ

exp

(
−(x′ − a)2

4σ2
+ ikx′

)
Find the momentum-space wavefunction and show that the momentum is also dis-
tributed like a Gaussian.



PHYS 507 (2015-2)
Homework 3
Due: April 14, 2016, Thursday, 17:00.

1. You will compute the time dependent wavefunction for a free particle with a Gaussian
initial state. Suppose that the initial state at t = 0 has the following momentum-space
wavefunction

φ(k, 0) = 〈k|ψ(0)〉 = N exp

(
−1

2
σ2(k − k0)2 + ika

)
where σ, k0 and a are real constants (σ > 0). The particle is a free particle in 1D with
the Hamiltonian

H =
p2

2m
.

(a) Compute the momentum-space wavefunction φ(k, t) = 〈k|ψ(t)〉 at time t.

(b) By Fourier transforming the expression above, compute the position-space wave-
function ψ(x, t) = 〈x|ψ(t)〉 at time t.

(c) Write down, as a special case, the wavefunction position-space wavefunction at the
initial time, ψ(x, 0). (This is a more recognizable Gaussian, of course.)

(d) Compute the average momentum 〈p〉t and the momentum uncertainty ∆pt, at time
t. Do these depend on time? How do you explain this time dependence?

(e) Now compute the average position 〈x〉t. There are two alternative methods for
computing this. Use both methods.

i. Compute 〈x〉t by using the position-space wavefunction ψ(x, t).

ii. Compute 〈x〉t by using the momentum-space wavefunction φ(k, t). Remember
that the position operator for this wavefunction is x̂ = i∂/∂k.

(f) Now, compute the position uncertainty ∆xt at time t. Do you see the “dispersion”?

Hint: If λ has positive real part, Reλ > 0, then∫ ∞
−∞

e−λu
2+µudu =

√
π

λ
e

µ2

4λ ,

where
√
λ is the square-root with positive real part.

2. In HW2, you have computed the time-dependent uncertainties of a free particle in 1D.
The relevant uncertainties are given as

∆x2t = ∆x20 +
2

m
C0t+

∆p20
m2

t2 ,

∆pt = ∆p0 ,

where here C0 denotes the “position-momentum correlation” at the initial time t = 0,

C0 =

〈
px+ xp

2

〉
0

− 〈x〉0 〈p〉0 .
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(Do you remember the discussion where we have said that the operator corresponding to
“position times momentum” is (px+ xp)/2.)

(a) The uncertainty relation ∆xt∆pt ≥ ~/2 must be satisfied at all times t. Use this
principle and the relations above to show that the following relation has to be
satisfied between the correlator and the uncertainties

∆x20∆p
2
0 ≥

~2

4
+ C2

0 .

In other words, if this fails, then the uncertainty relation must fail at some time t.

(b) The correlator Ct at time t depends on time as

Ct =

〈
px+ xp

2

〉
t

− 〈x〉t 〈p〉t = C0 +
∆p20
m

t .

Use this relation to compute ∆x2t∆p
2
t − C2

t and show that

∆x2t∆p
2
t ≥

~2

4
+ C2

t .

3. Consider a particle in an infinite box of length L. I will assume that the box is in
interval 0 ≤ x ≤ L. Suppose that the particle is in the following state at time t = 0
(wavefunction within the box),

ψ(x, 0) =
1√
L

(
sin

πx

L
+ sin

2πx

L

)
.

(a) Write the state at time t.

(b) What is the period T of the relative phase factor?

(c) Show that the physical state also has this period, i.e., the states at time t and t+T
differ only by an overall phase factor, ψ(x, t + T ) = eiθψ(x, t) for some θ. What is
θ?

(d) Sketch plots of |ψ(x, t)|2 at times t = 0, T/4, T/2, 3T/4, T . These plots somehow
depict the motion of the particle inside the box.

4. Consider the following potential step in 1D

V (x) = V0θ(−x) =

{
V0 for x < 0 ,
0 for x > 0 .

This is just the example in the book by Schwabl, but the step is on the left of the space.

(a) Consider an arbitrary solution of the Schrödinger equation with energy E above
the step, E > V0. Let

ψ(x) =

{
aeiqx + ce−iqx for x < 0 ,
deikx + be−ikx for x > 0 .
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Compute the probability current density J on both sides of the origin and using the
continuity equation (i.e., constancy of J), find the relation between wave amplitudes
that expressed probability conservation. (Do not compute the wave amplitudes in
here; express everything in a, b, c and d. You will compute these amplitudes later
in parts (c) and (d) below.)

(b) Consider now the two special situations of practical interest: left incidence and right
incidence.

i. Consider a wave incident from left. Which amplitude is zero? Identify incident
current density, Jinc, (i.e., current density due to the incident wave only), re-
flected current density, Jrefl, and the transmitted current density, Jtrans. The
reflection and transmission probabilities are

R =
Jrefl
Jinc

, T =
Jtrans
Jinc

.

Express these in terms of the amplitudes.

ii. Consider a wave incident from right. Identify the incident, reflected and trans-
mitted current densities and express R and T in terms of the amplitudes.

Lesson you should have learnt by now: Since the wave speed is different on the left
and right regions, the reflection and transmission probability formulas contain these
speeds (or momenta). For example, T = k |d|2 /q |a|2 for a left incident wave.

(c) Now, consider the left-incident wave denoted by ϕL(x). By matching the wavefunc-
tion and its derivative at the origin, determine all amplitudes and write down the
wavefunction ϕL(x).

Finally, compute R and T and check that R + T = 1.

(d) Do the same for the right-incident wave ϕR(x). Again compute R and T and check
that R+ T = 1. Did you get the same answers as in part (c)? (You should. There
is a deep reason for this.)

5. Consider a harmonic oscillator. Compute the following expectation values in state |n〉.〈
x2
〉
n
,

〈
p2
〉
n
, 〈xp〉n , 〈px〉n , 〈xp+ px〉n ,〈

x4
〉
n
,

〈
p4
〉
n
,

〈
x3
〉
n
,

〈
p3
〉
n
,

〈
x6
〉
n
.

6. Consider a harmonic oscillator. The oscillator is initially in state

|ψ(t = 0)〉 =
1√
2

(|2〉+ |3〉) .

(a) What is the state |ψ(t)〉 at time t?

(b) Find 〈x〉t and 〈p〉t by explicitly computing these expectation values.
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(c) Check that the expectation values in part (b) satisfies the differential equations
obtained from Ehrenfest theorem,

d

dt
〈x〉t =

1

m
〈p〉t ,

d

dt
〈p〉t = −mω2 〈x〉t .

7. For finite dimensional matrices, every matrix has at least one eigenvalue and at least
one eigenvector. But in infinite dimensions this rule is no longer valid. For a finite
dimensional matrix A, it is also possible to find relationships between eigenvalues and
eigenvectors of A and A†. In infinite dimensions, this is not valid as well. The best
examples to these are the harmonic oscillator ladder operators, a and a†.

(a) Show that a† has no eigenvalue.

(b) Show that every complex number λ is an eigenvalue of a.

Hint: For part (a), assume the contrary and suppose that a† has an eigenvalue, say λ.
Form the eigenvalue equation a† |ψ〉 = λ |ψ〉. First expand |ψ〉 in number eigenstates,
|ψ〉 = c0 |0〉+ c1 |1〉+ · · · , and then try to find the expansion coefficients.

8. In a quantum well formed by AlxGa1−xAs-GaAs heterostructure, the well is L = 20 nm
wide and V0 = 0.22 eV deep. The electrons that move within the well has an “effective
mass” which is usally different from the “bare mass” me of electrons. For GaAs, the
effective mass is meff ≈ 0.07me. You will use these parameters to find the number of
bound energy levels of the electrons in the well.

(a) First, using the ideal “particle-in-a-box” energies as an approximation, compute the
number of bound states.

(b) Now, use the exact solution presented in Section 3.4 of Schwabl to find the (i)
number of even bound states and (ii) the number of odd bound states.

(c) Compare the two approaches in parts (a) and (b). Do you expect the two approaches
give very different results?



PHYS 507 (2018-2)
Homework 3
Due: May 17, 2019, Friday, at 17:30.

1.20 The following is an alternative way of proving the virial theorem. The proof method
also suggests generalizations of the virial theorem.

(a) First of all, we start with a general result. Let H be a Hamiltonian and |φn〉 be
its normalized energy eigenstates, (Let’s say H |φn〉 = En |φn〉). The normalization
property, i.e., 〈φn|φn〉 = 1 is essential because we would like to evaluate expectation
values in these states, 〈· · · 〉n = 〈φn| · · · |φn〉. The following is a very simple result,
with a very simple derivation by using Dirac’s bra-ket notation, but it is very useful.

Let G be an arbitrary operator. Show that

〈[H,G]〉n = 0 .

If we express in words: any operator that can be expressed as the commutator of the
Hamiltonian with something else has zero expectation values in energy eigenstates.

(b) The result above has an alternative proof which is more intuitively obvious. In class
we have said that the energy eigenstates, |φn〉, are called stationary states because
the time-dependence of these states come from overall phase factors and conse-
quently all expectation values in these states are time-independent. In particular,
the expectation value of G is also time independent. Using Ehrenfest’s identity,
show that this is equivalent to the relation in part (a).

If we express in words: Any operator which can be considered as the time derivative
of something has zero expectation value in stationary state (i.e., energy eigenstates).

(c) Once we have established the basic result above, we use it for special operators G
to derive some useful result. One particular operator is

G =
1

2
(xp+ px) = xp− i~

2
= px+

i~
2
.

Compute the following commutators:

i. [x,G],

ii. [p,G].

(d) We only need the results in part (c), but it is useful to generalize these. Show that
for any two numbers α, β, there is a number γ such that

[xαpβ, G] = γxαpβ

and express γ in terms of α and β.

(e) Using the results above, prove the virial theorem for the harmonic oscillator. In
other words, for H = K + V where

K =
p2

2m
,

V =
1

2
mω2x2 ,
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show that
〈K〉n = 〈V 〉n

in all energy eigenstates |n〉 of H.

2.20 Particles that have a non-zero spin (let’s denote the spin operator by ~S) usually possess
an internal magnetic dipole moment, ~µ. Because of some deep reasons, magnetic moment
is directly proportional to the spin, i.e.,

~µ = g
q

2m
~S

where q is the charge of the particle (we take q = e for the neutral particles like neutron
by convention), m is the mass and g is a dimensionless number called the “g-factor”.
For an electron, we have g ≈ 2, and as a result,

~µ =
g(−e)

2m
~S ≈ −µB~σ

where

µB =
(2)e~
4m

= 5.8× 10−5eV/T

is called the Bohr magneton. When placed inside an external magnetic field, the Hamil-
tonian will have an extra term

Hspin = −~µ · ~B = µB~σ · ~B ,

which describes the time dependence of the spin state of the electron.

Suppose that an electron is placed inside a magnetic field oriented along the z axis,

~B = Bẑ .

The electron is initially (at t = 0) in the spin state

ψ(0) =
1√
5

[
1
2i

]
.

(a) What are the energy eigenvalues and the corresponding energy eigenfunctions?

Note: The expressions of your solutions to the remaining parts of this problem may
appear complicated. To make them simpler, define ω = (Emax − Emin)/~ and use
this in your answers.

(b) What is the state ψ(t) at time t?

(c) Compute 〈~σ〉t. (In other words, compute 〈σx〉t, 〈σy〉t and 〈σz〉t separately and
present the results in a single unit vector notation.) Briefly describe the “motion
of the average spin”.

(d) Does 〈σz〉t depend on time? Explain why this is so.
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3.20 Consider an electron which is placed in a magnetic field

~B = B(cos θẑ + sin θx̂) ,

i.e., ~B is in an orientation which makes has spherical angles θ, φ = 0. Let us suppose
that the initial spin state of the electron is

ψ(t = 0) =

[
1
0

]
at time t = 0.

(a) What are the energy eigenvalues and the corresponding eigenstates.

Note-1: You should remember the calculations we have done at the beginning of the
semester.

Note-2: The expressions of your solutions to the remaining parts of this problem
may appear complicated. To make them simpler, define ω = (Emax − Emin)/~ and
use this in your answers.

(b) Find the state, ψ(t), at time t.

4.20 In class, we have computed the first three position-space wavefunctions of the harmonic
oscillator by using the ladder operators. In here, you are going to do this for a few more
of such wavefunctions. Let’s first remember the notation. The Hamiltonian is

H =
p2

2m
+

1

2
mω2x2 .

The quantum length scale for this problem is

xQ =

√
~
mω

and we define the dimensionless position as ξ = x/xQ. The ladder operators are then

a =
1√
2xQ

(
x+ i

p

mω

)
=

1√
2

(
ξ +

∂

∂ξ

)
a† =

1√
2xQ

(
x− i p

mω

)
=

1√
2

(
ξ − ∂

∂ξ

)
We have solved a |0〉 = 0 to find the ground state wavefunction as

φ0(ξ) = 〈ξ|0〉 = N0e
−ξ2/2

where N0 = π−1/4. After that we have applied the ladder operator a† to this function
to compute φ1(ξ) = 〈ξ|1〉, and did the same again to compute φ2(ξ) = 〈ξ|2〉. In this
problem you are going to repeat these and go further.

Compute the position-space wavefunctions φn(ξ) = 〈ξ|n〉 for n = 1, 2, 3, 4, 5 by using the
already-computed φ0(ξ) and the ladder operators.
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5.20 A harmonic oscillator is in state

|ψ(0)〉 =
1

2
√

3

(
3 |0〉+ |1〉 −

√
2 |2〉

)
at the initial time t = 0. (The parameters m and ω are as defined in the previous
problem.)

(a) Find the state at time t.

(b) Find 〈a〉t.
Once 〈a〉t is found, the values of 〈x〉t and 〈p〉t can be computed without doing any
further expectation value calculations. Answer the following three parts, by using
the value of 〈a〉t you have found in part (b) above only.

(c) What is
〈
a†
〉
t
?

(d) What is 〈x〉t?
(e) What is 〈p〉t?



PHYS 507
Homework IV

Due: November 19, 2002, Tuesday.
Notes: Solutions will be posted to the web page http://www.physics.metu.edu.tr/˜sturgut/p507/ on
November 22, 2002, Friday.

1. Let |ϕn〉 be eigenstates of a Hamiltonian H with eigenvalues En (i.e., H|ϕn〉 = En|ϕn〉).

(a) For an arbitrary operator A, calculate 〈ϕn|[H,A]|ϕm〉 in terms of energy eigenvalues of H and
the matrix elements of A.

(b) Calculate 〈ϕn|[H,A]|ϕn〉. What does this say about the time-dependence of 〈A〉t when the
system is in an eigenstate of the Hamiltonian?

(c) If H = 1
2mp

2 + V (x) show that pn,m = imωnmxn,m where ωnm = En−Em

h̄ .

2. Virial Theorem: Consider a particle in a one-dimensional system with the Hamiltonian

H = T + V =
p2

2m
+ V (x) ,

where T = p2/2m is the kinetic energy. We will assume that H has discrete eigenvalues with
eigenkets normalized to 1. (i.e., H|ϕn〉 = En|ϕn〉 with 〈ϕn|ϕn〉 = 1.) Consider the hermitian
operator A = 1

2 (xp+ px) = px+ 1
2 ih̄.

(a) Calculate the time derivative of 〈A〉t for an arbitrary state of the particle.

(b) Now, suppose that at t = 0, the particle is in an eigenstate of the Hamiltonian. i.e., let
|ψ(t = 0)〉 = |ϕn〉. Is 〈A〉t time-dependent? What does the relation found in part (a) imply
for the expectation value of the kinetic energy? [This relation is called the virial theorem.]

(c) Now, suppose that the potential energy has a power law dependence on position. i.e., V (x) =
a|x|k where a and k are constants. (Assume that the product ka is positive so that the
particle has some bound states.) Find the relation between the expectation values of the
potential and kinetic energies in an energy eigenstate. Also consider the two special cases:
Harmonic oscillator (k = 2) and one-dimensional Coulomb problem (k = −1).

(d) The results in part (b) and (c) are obtained for the eigenstates of the Hamiltonian. Would
you expect the same relations to hold in an arbitrary state? (Is the relation valid for a state
formed by a superposition of different eigenstates of H with differing eigenvalues).

3. For the simple harmonic oscillator Hamiltonian

H =
1

2m
p2 +

1
2
mω2x2 ,

(a) Find the time derivatives of 〈x〉t and 〈p〉t for arbitrary states of the oscillator.

(b) What is the time derivative of f(t) = 〈x〉t + i
mω 〈p〉t and f∗(t) = 〈x〉t − i

mω 〈p〉t? What is f(t)?

(c) Show that the expectation value of position can be written as

〈x〉t = 〈x〉0 cosωt+
1
mω

〈p〉0 sinωt .

4. Consider a particle with charge Q in an electromagnetic field with potentials φ(~r, t) and ~A(~r, t).
(Note that ~r is the position operator.) The Hamiltonian is

H =
1

2m

(
~p− Q

c
~A

)2

+Qφ .

1



(a) Show that d
dt 〈xi〉 = 1

m 〈πi〉 where ~π = ~p− Q
c
~A is the so-called “kinetical momentum”.

(b) Show that [πi, πj ] =
∑

k i
eh̄
c εijkBk where ~B(~r, t) = ~∇ × ~A is the magnetic field. (Do not

concern much over the presence of the Levi-Civita tensor. You can use the fact that for cyclic
ijk [i.e., εijk = 1] we have Bk = ∂iAj − ∂jAi.)

(c) Show that
d

dt
〈πi〉 =

〈
Q

(
Ei +

1
2mc

(
~π × ~B − ~B × ~π

)
i

)〉
,

where ~E = −~∇φ − 1
c

∂
∂t
~A. (Since the operators πi have explicit time dependence we should

have
d

dt
〈πi〉 =

i

h̄
〈[H,πi]〉+ 〈∂πi

∂t
〉 ,

for the time-derivative of expectation values.)

5. Show that

〈ψ|
(
~p− Q

c
~A

)
|ψ〉 = 〈ψ̃|

(
~p− Q

c
~̃A

)
|ψ̃〉 ,

where ψ̃(x′) = exp
(
i Q
h̄cΛ

)
ψ(x′) and ~̃A = ~A+ ~∇Λ. In other words, the average velocity is indepen-

dent of the gauge it is calculated.

2



PHYS 507
Homework IV

Due: April 25, 2003, Friday.

1. In the class we have found a few of the position-space eigenfunctions of the Harmonic
oscillator Hamiltonian by using the relations a|0〉 = 0 and a†|n〉 =

√
n+ 1|n+1〉. In

this problem we are going to do the same to find the momentum-space wavefunctions.

(a) Express the annihilation operator

a =

√
mω

2h̄

(
x+

i

mω
p

)
in momentum space by using

x −→ ih̄
∂

∂p′ p −→ p′

To simplify the resulting expression define the dimensionless momentum vari-
able q as p′ =

√
h̄mω q and express a as a differential operator in terms of q.

What is a†?

(b) The ground state of the oscillator satisfies the relation a|0〉 = 0. Solve this equa-
tion to find the momentum-space wavefunction ϕ̃0(p

′) = 〈p′|0〉 and normalize
it. (Again, expressing it in terms of q will simplify things.)

(c) Using |1〉 = a†|0〉 calculate the momentum-space wavefunction of the first ex-
cited state, ϕ̃1(p

′) = 〈p′|1〉.
(d) Do the same for the second excited state.

2. In the Hydrogen atom problem the Hamiltonian of an electron with charge −e is
given by

H =
~p2

2m
− e2

r
.

(a) Show that in some other gauge the same system is described by a single vector
potential with a Hamiltonian of the form

H̃ =
1

2m

(
~p +

e

c
~A(~r, t)

)2

consisting only of kinetic energy. What is ~A(~r, t)?

(b) If ψ(~r, t) is a time-dependent wavefunction of the electron in the gauge where
H is written, then what is the time-dependent wavefunction in the new gauge?
(ψ̃(~r, t)=?)

1



3. For the harmonic oscillator problem

(a) Calculate x2|n〉. Using this find the expectation value 〈n|x4|n〉.
(b) Calculate p2|n〉. Using this find the expectation value 〈n|p4|n〉.

4. Consider the motion of a charged particle under a uniform magnetic field along z
axis. If the magnetic field is ~B = Bẑ, the vector potential can be chosen as

~A = −1

2
Byx̂ +

1

2
Bxŷ .

The kinetic momentum ~π is defined in the usual way

~π = ~p− Q

c
~A .

(a) Calculate the commutators [πx, πy], [πy, πz] and [πz, πx].

(b) For an arbitrary state of the particle calculate the time derivatives of 〈πx〉t,
〈πy〉t and 〈πz〉t.

(c) The equations obtained in part (b) can be considered as differential equations for
the three components of 〈~π〉t. Solve these equations to find the time dependence
of these expectation values.

5. Let a be an annihilation operator satisfying the commutation relation [a, a†] = 1.
We define an operator b as

b = a coshλ+ a† sinhλ ,

where λ is some fixed number.

(a) Show that b satisfies the commutation relation [b, b†] = 1.

(b) Express a and a† in terms of b and b†.

(c) Consider the Hamiltonian

H = h̄Aa†a+ h̄B(a2 + a†2) ,

where A and B are some positive real numbers such that B < A. Show that
with an appropriate choice of λ, the Hamiltonian can be expressed as

H = h̄ωb†b+ const .

What is λ? What are the energy eigenvalues of the Hamiltonian H?

Useful relations:

cosh2 λ− sinh2 λ = 1

cosh2 λ+ sinh2 λ = cosh 2λ

2 sinhλ coshλ = sinh 2λ

2



PHYS 507
Homework IV

Assigned: December 3, 2003, Wednesday.
Due: December 12, 2003, Friday, at 5:00 pm.

1. Let |j, m〉 be common eigenstates of J2 and Jz where ~J is an angular momentum
operator. Calculate the following expectation values in this state.

(a) 〈Jx〉, 〈Jy〉, 〈J2
x〉,

〈
J2

y

〉

(b) 〈JxJy〉 and 〈JyJx〉. Are these real?

(c) Show that
〈
(aJx + bJy)

2〉 = (a2 + b2) 〈J2
x〉 where a and b are arbitrary real num-

bers.

2. Let ~V be a vector operator and ~J be an angular momentum operator. We have said
in class that any vector operator satisfies the following commutation relations

[Ji, Vj] = ih̄
∑

k

εijkVk .

Let us define V± = Vx ± iVy.

(a) What are [Jz, V±] and [Jz, Vz]?

(b) Let |j,m〉 be a common eigenstate of J2 and Jz. Show that the states |ψ±〉 =
V±|j,m〉 are eigenstates of Jz with eigenvalues m ± 1. (Note: But |ψ±〉 may not
be eigenstates of J2. In other words, V± works like the ladder operators, but not
completely.)[Hint: Nothing other than part (a).]

(c) Same as part (b), but this time show that |φ〉 = Vz|j,m〉 is an eigenstate of Jz

with eigenvalue m.

(d) Show that 〈j1,m1|pz|j2,m2〉 = 0 if m1 6= m2 where ~p is the momentum operator.

(e) Show that 〈j1,m1|px|j2,m2〉 = 〈j1,m1|py|j2,m2〉 = 0 if m1 6= m2 ± 1.

[Note: These are just some particular relations for the matrix elements of vectors. For
more stronger relations you need to resort to the Wigner-Eckart theorem.]

3. Let n̂ = nxx̂+nyŷ+nzẑ be a unit vector with real components. We denote the product
~σ · n̂ by σn.

(a) By doing the matrix calculation explicitly, show that σ2
n = 1.

(b) Calculate the rotation operator

D(θ, n̂) = exp

(
− i

2
θσn

)
,

which does a rotation by an angle θ around the axis n̂.

1



(c) What is the rotation operator for rotations by an angle 2π (360 degrees)? What
is it for rotations by 4π (720 degrees)?

(d) We know that by a suitable rotation we can convert the vector ẑ into the vector x̂.
This implies that the rotation operator for that rotation converts en eigenvector
of σz into an eigenvector of σx with the same eigenvalue. Use this idea to calculate
both eigenvectors of σx.

4. Let the wavefunction of a spinless particle be

ψ(~r′) = Aeikx′ exp(−by′2) exp(−c|z′|) sin qz′ ,

i.e., free along x, bound along y, bound with oscillations along z. Let

|φ1〉 = D(−π

2
, z)|ψ〉 and |φ2〉 = D(

π

2
, x)|ψ〉 .

What are the wavefunctions φ1(~r
′) and φ2(~r

′)?

5. We know that the spherical harmonics are of the form

Y m
` (θ, φ) = f`m(θ)eimφ .

where f`m(θ) is some function of θ. The ladder operators are

L± = h̄e±iφ

(
± ∂

∂θ
+ i

cos θ

sin θ

∂

∂φ

)
.

(a) Using L−Y −`
` = 0 calculate f`,−` up to a normalization factor.

(b) Calculate Y −`+1
` .

2



PHYS 507
Homework IV

Assigned: March 30, 2004, Tuesday.
Due: April 9, 2004, Friday, at 5:00 pm.

1. At time t = 0, a free particle with Hamiltonian

H =
p2

2m
,

is in a state with the position-space wavefunction

ψ(x′, t = 0) = 〈x′|ψ〉 = N exp(−λ |x′|) ,

where λ is a real, positive constant and N is a normalization factor.

(a) What is the momentum-space wavefunction at time t? (ψ̃(p′, t) =?)

(b) Using this, find an integral expression for the position space wavefunction ψ(x′, t)
at time t. (Do not try integrating this.)

2. When you put an electron inside a magnetic field ~B, the spin state changes with
time and this time dependence is governed by the Hamiltonian Hspin = −~µ · ~B where
~µ = −µB~σ = −µB(σxx̂+σyŷ+σzẑ) is the spin magnetic moment and µB is a constant
known as Bohr magneton. Suppose that our electron is in a field oriented along y-axis
(~B = Bŷ). Consider the spin state of the electron only and completely ignore the
positional state. (Use ω = 2µBB/h̄ whenever it simplifies the notation.)

(a) What is the time development operator U(t)?

(b) If the electron spin is initially (t = 0) up along z with the state being

ψ1(0) =

[
1
0

]
.

What is the spin state ate time t? (ψ1(t) =?)

(c) If the electron spin is initially (t = 0) down along z with the state being

ψ2(0) =

[
0
1

]
.

What is the spin state ate time t? (ψ2(t) =?)

(d) By evaluating show that ψ1(t) and ψ2(t) are orthogonal at all times. (Orthogonal
states time develop into orthogonal states = Unitarity of U(t).)

(e) Consider the operator

R(t, t′) = |ψ1(t)〉 〈ψ1(t
′)|+ |ψ2(t)〉 〈ψ2(t

′)| .

What does this operator do?



3. Suppose that a particle has a Hamiltonian of the form H = Ap2 + Bp + Cx where A,
B and C are real constants. Solve the following for an arbitrary initial state.

(a) Calculate the time derivatives of 〈x〉t and 〈p〉t.
(b) If you wanted to define a “velocity” operator for this particle, how would you

define it?

(c) Calculate 〈x〉t and 〈p〉t in terms of t and some initial expectation values.

4. Let {|ϕn〉 , n = 1, 2, . . .} be a basis formed by the eigenstates of a Hamiltonian operator
H.

〈ϕn|ϕ`〉 = δn` , H |ϕn〉 = En |ϕn〉 and
∑

n

|ϕn〉 〈ϕn| = 1 .

(a) For an arbitrary operator A calculate the matrix element 〈ϕn|[H, A]|ϕ`〉.
(b) Apply this to the special case H = p2/2m+V (x) and A = x and find a relationship

between the matrix elements of the momentum and position operators.

(c) Now, consider the expectation value 〈ϕn|[p, x]|ϕn〉. First, express this entirely in
terms of the matrix elements of p and x. Then, using the relation obtained in
part (b) prove the following sum rule

∞∑

`=1

(E` − En) |x`n|2 =
h̄2

2m
.

5. Let |ψ(t)〉 and |φ(t)〉 be two states obeying the Schrödinger equation

ih̄
∂

∂t
|ψ(t)〉 = H(t) |ψ(t)〉 , ih̄

∂

∂t
|φ(t)〉 = H(t) |φ(t)〉 ,

for a possibly time-dependent Hamiltonian H(t). Show that the inner product 〈ψ(t)|φ(t)〉
does not change with time.

2



PHYS 507
Homework IV (Fall ’04)

Assigned: November 24, 2004, Wednesday.
Due: December 3, 2004, Friday, at 5:00 pm.

1. In this problem, we are going to find the energy levels for the Landau problem by using
the old quantum theory. An electron with charge (−e) (here e > 0) is forced to move
in a two-dimensional plane (xy-plane). There is a uniform magnetic field along the

z-direction ( ~B = Bẑ). The Hamiltonian obviously is

H =
1

2m

(
~p +

e

c
~A
)2

,

where ~A is the vector potential. In this problem we don’t need to specify the vector
potential, so keep it arbitrary. First, note that the electron draws circular trajectories
on the xy-plane with the radius, R, being dependent on its speed, v. Using the classical
picture of this motion,

(a) Express v in terms of the radius R (use your PHYS 112 knowledge for this).

(b) Calculate the integral ∮
~π · d~r

where ~π is the kinetical momentum and the integral is over one period. Express
it in terms of R only. Is this positive or negative?

(c) Calculate the integral ∮
~A · d~r .

Is this positive or negative? This has to be gauge invariant, so expressed it in
terms of B.

(d) Finally calculate the integral (which is what we really need)

∮
~p · d~r .

(You should note that the value of this integral is different from that of the one in
part(b), indicating another difference between kinetical and canonical momenta.)

(e) Old quantum theory says that the integral in part (d) is equal to nh where n is
an integer (plus a constant, but here we assume that this is zero). Show that this
implies that the flux enclosed by the trajectory is an integer multiple of the flux
quantum.

(f) What are the energy levels implied by the quantization in part (e).

1



2. Consider a Hamiltonian of the form

H =
1

2m
p2 + Dx2 .

This problem can be viewed as a charged particle moving under a position-dependent
electric field, E = E(x). Show that by a gauge transformation you can transform this
Hamiltonian into

H̃ =
1

2m
(p− a(x, t))2 ,

where a(x, t) is a function of position. What is a(x, t)? How is the position-space
wavefunction transformed (relation between ψ and ψ̃)?

3. An electron with charge (−e) moves in 2D plane. There is a uniform magnetic field

perpendicular to the plane. In a certain gauge, the vector potential is ~A = Bxŷ. As a
result, the Hamiltonian becomes

H =
1

2m

(
~p− (−e)

c
~A

)2

=
1

2m
~π 2 =

1

2m
p2

x +
1

2m

(
py +

eBx

c

)2

.

(a) Calculate [πx, πy].

(b) Calculate the time derivatives of 〈πx〉t and 〈πy〉t.
(c) Solve these equations and express 〈πx〉t and 〈πy〉t in terms of some initial expec-

tation values.

4. Consider the following two gauges that give the magnetic field in problems (3) and (1),

~A = Bxŷ , φ = 0 and

~̃A = −Byx̂ , φ̃ = 0 .

(a) Find the scalar function Λ that appears in the gauge transformation between
these two gauges.

(b) Consider the expectation value of the x-component of the canonical momentum,

px, in some arbitrary state (|ψ〉 in the first gauge,
∣∣∣ψ̃

〉
in the second). Calculate

〈ψ̃|px|ψ̃〉 − 〈ψ|px|ψ〉 .

If you find a non-zero result for this, it means that 〈px〉 is gauge dependent.

(c) On the other hand show that

〈ψ̃|π̃x|ψ̃〉 − 〈ψ|πx|ψ〉 = 0 .

2



PHYS 507
Homework IV (Spring ’05)

Assigned: March 30, 2005, Wednesday.
Due: April 8, 2005, Friday, at 5:00 pm.

1. (a) Let |ϕn〉 be eigenstates of a time-independent Hamiltonian H with eigenvalues
En. Two operators A and B are related by B = [H, A]. Calculate the matrix
elements Bnm = 〈ϕn|B|ϕm〉 in terms of the matrix elements Anm. What are the
diagonal elements Bnn?

(b) Suppose that the Hamiltonian is of the form

H =
p2

2m
+ V (x) ,

What is [H, x]?

(c) Using the result in part (b), calculate the matrix elements of momentum, pnm,
in terms of the matrix elements of position, xnm. Verify that if x∗nm = xmn (the
conditions for x being hermitian) then p∗nm = pmn.

(d) Show that if H has the form in part (b) then the average momentum in any
eigenstate of H is zero, 〈p〉n = 〈ϕn|p|ϕn〉 = 0.

2. Suppose that a particle in 1D has a Hamiltonian of the form

H =
√

p2c2 + m2c4 .

(a) Calculate the time derivative of 〈x〉t for an arbitrary state.

(b) If you needed to define a “velocity operator” for this particle, how would you
define it?

3. In the particle in a box problem, a particle is constrained to move inside a box with
length L. You know how to calculate the energy eigenvalues En and the corresponding
eigenstates |ϕn〉. Suppose that at t = 0, the state of your particle is a superposition of
two successive eigenstates of H.

|ψ(t = 0)〉 =
1√
2

(|ϕn〉+ |ϕn+1〉) .

(a) We know that most observables will display a periodic time-dependence in this
state. What is the period? Call this Tq.

(b) Calculate the period using the classical picture only (suppose that the energy of
the particle is En). Call this period Tcl. Show that when the quantum number
n is large, the classical and quantum mechanical periods are more or less equal,
Tcl/Tq → 1.

1



4. An electron possesses an internal magnetic dipole moment, ~µ, related to its spin by
~µ = −µB~σ where µB is a constant known as Bohr magneton. If this electron is placed
inside a uniform magnetic field ~B, the interaction of the spin with the field can be
described by the Hamiltonian

H = −~µ · ~B = +µB~σ · ~B = µB(Bxσx + Byσy + Bzσz) .

Usually there is no problem in forgetting about the “positional state” of the electron
and investigate the spin behavior of it with the Hamiltonian given above. Suppose
that the magnetic field is along +x direction given by ~B = Bx̂.

(a) What are the energy eigenvalues En and the corresponding eigenstates, ϕn?

(b) Let ω be the frequency defined by h̄ω = E2 − E1. What is ω?

(c) If at t = 0 the electron is in spin-up state along z, i.e.,

ψ(0) =

[
1
0

]

what is the state at time t?

5. Calculate the time-development operator, U(t) = exp(−iHt/h̄) for the Hamiltonian in
question 4. Use this to calculate ψ(t) again for the initial state given in part (c).

2



PHYS 507
Homework IV (Fall ’05)

Assigned: October 24, 2005, Monday.
Due: November 2, 2005, Wednesday, at 5:00 pm.

1. A material is called optically active when the polarization direction of linearly polarized
photons rotates as they move inside the material. (This is mainly due to different
refractive indices for left and right circular polarization.) In this and the next problem,
we are going to investigate the time dependence of the polarization state of a single
photon in such a medium. Suppose that the time-development operator between 0 and
t is given as

U(t, 0) =

[
cos Ωt − sin Ωt
sin Ωt cos Ωt

]
.

Remember: When U(t, 0) is applied to the state at time 0, it gives the state at time t.

(a) Show that U(t, 0) is a unitary operator.

(b) Compute U(t2, t1) (i.e., the operator which is applied on state at t1 and gives the
state at t2). Show that U(t2, t1) depends only on the difference t2−t1. (Remember:
U(t2, 0) = U(t2, t1)U(t1, 0).)

(c) Using the Schrödinger equation for U , find the Hamiltonian at time t, H(t). Does
H(t) depend on time?

(d) What are the eigenvalues of H(t)? What is the characteristic frequency as com-
puted by ω = (E2 − E1)/h̄?

2. Use the time development operator in question 1.

(a) Suppose that the photon is horizontally polarized at t = 0 with state given by

ψ1(t = 0) =

[
1
0

]
.

Find the state ψ1(t) at time t. Is this a linearly polarized state? If so, what is the
angle between the polarization direction and x-axis at time t?

(b) Suppose this time that the photon is vertically polarized at t = 0 with state given
by

ψ2(t = 0) =

[
0
1

]
.

Find the state ψ2(t) at time t.

(c) Are ψ1(t) and ψ2(t) normalized at time t? Show that 〈ψ1(t)|ψ2(t)〉 = 0 at all
times. (These basically are the same thing as question 1(a).)

1



(d) Are ψ1(t) and ψ2(t) periodic? If so what is the period? Are the states represented
by these periodic? If so what is the period? Which one of these is related to the
frequency in question in problem 1 (d)? (Remember the relation between states
and vectors. If two vectors differ by an overall phase factor they still represent
the same state.)

(e) Consider this time a photon which is initially right circularly polarized, i.e.,

ψ3(0) =
1√
2

[
1
−i

]
.

What is ψ3(t)? Does the “physical state” change? (This is then a stationary
state.) What is the overall phase factor the vector ψ3(t) gains at time t?

(f) Repeat the same for an initially left circularly polarized photon, i.e.,

ψ4(0) =
1√
2

[
1
i

]
.

(Note that overall phase factors of ψ3(t) and ψ4(t) are different. The physical
state they represent do not change with time. But, when in superposition, the
state will become time dependent.)

3. Consider a free particle in 1D with the Hamiltonian H = p2/2m. Let U(t) be the time
development operator.

(a) Compute 〈p′|U(t)|p′′〉.
(b) Compute 〈x′|U(t)|x′′〉.

Hint:

∫
exp(−λu2 + µu)du =

√
π

λ
exp(

µ2

4λ
) .

(c) Suppose that at t = 0, the momentum-space wavefunction ψ̃(p′, 0) is known.
What is the momentum-space wavefunction ψ̃(p′, t) at time t?

(d) Suppose that at t = 0, the position-space wavefunction ψ(x′, 0) is known. What is
the position-space wavefunction ψ(x′, t) at time t? (This integral can be evaluated
only in a few cases.)

4. Consider a particle in a box problem where the box lies between 0 and L. Write down
the eigenvalues, En, and the normalized eigenfunctions, ϕn(x′), for this system.

(a) Suppose that the particle has the following wavefunction at t = 0,

ψ(x′, 0) = aϕn(x′) + bϕn+1(x
′) .

What is the wavefunction at time t? What is the period of the state?

(b) Compute the period of this motion from classical considerations, i.e., a particle
has energy roughly equal to En and moves between two walls. Do the periods
match in n →∞ limit?

2



PHYS 507
Homework IV (Spring ’06)

Assigned: March 15, 2006, Wednesday.
Due: March 22, 2006, Wednesday, at 5:00 pm.

This information is for problems 1, 2 and 3. Consider the Hamiltonian

H =
p2

2m
+ V (x) ,

for a particle in 1D. Let |ϕn〉 be the normalized eigenstates of H with corresponding
eigenvalues En (H |ϕn〉 = En |ϕn〉, n = 1, 2, . . .). Also, suppose that {|ϕn〉} forms an
orthonormal basis. We use the usual notation An` = 〈ϕn|A|ϕ`〉 to denote the matrix
elements of an operator A in this basis.

1. (a) Compute [H, x]. From this find a relation between the matrix elements of mo-
mentum pn` and of position xn`. Verify that the hermitianness condition for x
(x∗n` = x`n) is consistent with the hermitianness condition for p.

(b) What is average momentum in level n, i.e., 〈p〉n = pnn =? [More can be said about
this actually. It turns out that the position-space wavefunctions, ϕn(x′) = 〈x′|ϕn〉,
of the eigenkets of H given above can be chosen real valued, so it falls under the
scope of problem 5 of Homework III.]

(c) Let the state of particle at time t = 0 be |ϕn〉 (i.e., a stationary state). What can
you say about the time dependence of 〈x〉t? From this what can you say about
〈p〉t and hence pnn? (An alternative way of understanding the result in part (b).)

2. (a) Consider (px)nn = 〈ϕn|px|ϕn〉. Expand this expression in terms of the matrix
elements of x and p (possibly as a series).

(b) Do the same for (xp)nn.

(c) Now use [x, p] = ih̄ to derive the following sum rule

∞∑

`=1

(E` − En) |xn`|2 =
h̄2

2m
.

(You need to use the relation you have found in problem 1(a) in here.)

3. (The virial theorem).

(a) If A and B are two operators related by A = [H,B], show that Ann = 0.

(b) Choose B = xp and compute the commutator [H, xp]. From here prove the virial
theorem

2

〈
p2

2m

〉

n

= 〈xV ′(x)〉n ,

where 〈· · · 〉n denotes the expectation value in level n. [This theorem is also valid
in classical mechanics where, instead of the expectation value, time averages of
the corresponding quantities are taken.]

1



(c) For potentials with power law expression V (x) = c |x|k, the theorem above can be
used to find a relation between average kinetic energy 〈T 〉n = 〈p2/2m〉n, average
potential energy 〈V 〉n and the energy eigenvalue En. Express 〈T 〉n and 〈V 〉n in
terms of En. [We need to add this remark here: For virial theorem to be valid, the
state should be normalizable to unity 〈ϕn|ϕn〉 = 1. So, for extended (unbounded)
states it is not valid. For this reason, the potential V (x) should be able to form
bound states and therefore we have the condition ck > 0.]

(d) Rewrite the relations in part (c) for (i) a harmonic oscillator for which k = 0
and c > 0 (where the result is known as equipartition of energy) (ii) and for 1D
Coulomb problem for which k = −1 and c < 0.

4. Suppose that the time development operator for a two-level system is given as

U(t2, t1) =

[
cos Ω(t2 − t1) i sin Ω(t2 − t1)
i sin Ω(t2 − t1) cos Ω(t2 − t1)

]
.

(a) Is U(t2, t1) unitary? Is U(t3, t2)U(t2, t1) = U(t3, t1) satisfied?

(b) Compute the Hamiltonian H(t) at time t. Is it time independent?

(c) What are the stationary states and what are the corresponding energy eigenval-
ues? Compute the time-dependence of the state when the initial state at time
t = 0 is a stationary state (for all such states).

5. Consider the Hamiltonian

H =
p2

2m
− Fx .

We are going to consider an arbitrary initial state.

(a) Compute the time derivatives of 〈x〉t and 〈p〉t. Solve these equations and express
them in terms of some initial expectation values.

(b) Compute the time derivative of 〈p2〉t. Use this to compute the uncertainty in
momentum at time t, i.e., ∆pt, and show that it is time independent.

2



PHYS 507
Homework IV

1. An electron is placed inside a uniform magnetic field along the x-direction, ~B = Bı̂ .
The Hamiltonian is H = −~µ · ~B = −µxB where the magnetic moment is

~µ = g
(−e)
2mc

~S = −g e~
4mc

~σ .

(a) What are the energy eigenvalues and the corresponding eigenstates?

(b) If the electron makes a transition from the upper level to the lower level, what is
the angular frequency ω of the emitted photon?

(b′) Express H in terms of ω. (Note: From now on, it will be very convenient for you
to express everything below in terms of ω.)

(c) Suppose that the electron is initially in the spin state

ψ(0) =
1√
5

[
2
1

]
at time t = 0. Find the state at time t.

(d) Find 〈~σ〉t. What is the period? Describe the spin motion.

(e) A component of 〈~σ〉t must be independent of time. Which component is it?

(f) Is energy conserved? What is 〈H〉t?

2. Consider the system in problem 1.

(a) Show that eiθσx = cos θ + i sin θσx.

(b) Compute the time-development operator U(t) = exp(−iHt/~) as a 2× 2 matrix.

(c) Check that the time-dependent Schrödinger equation for the time development
operator is satisfied.

(d) Check that U(t) is unitary. In particular, check the following:

i. Each column of U(t) is a normalized vector.

ii. The two columns of U(t) are orthogonal.

iii. Each row of U(t) is a normalized vector.

iv. The two rows of U(t) are orthogonal.

(e) For any given initial state ψ(0) we can compute U(t)ψ(0) to find the state at time
t. For the following two cases, compute ψ(t) and comment on whether these are
expected results.

(i.) ψ(0) =
1√
2

[
1
1

]
, (ii.) ψ(0) =

1√
2

[
1
−1

]
,
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(f) If the initial state is

ψ(0) =

[
1
0

]
compute ψ(T/4), ψ(T/2), ψ(3T/4) and ψ(T ). These states are “spin-up states” in
some directions. Which directions are they? (Note: You do not need to compute
the direction unit vectors explicitly.)

3. Consider neutrino oscillations. Let |νi〉 (i = 1, 2) denote energy eigenstates of neutrinos,
ω = (E2 − E1)/~, and let the flavor states be given by

|νe〉 = cosα |ν1〉 − sinα |ν2〉 ,
|νµ〉 = sinα |ν1〉+ cosα |ν2〉 .

where we again ignore tau neutrinos.

(a) Suppose that a muon neutrino is produced at time t = 0. Write the state at time
t.

(b) Suppose that an ideal detector exists which can capture all neutrinos and identifies
whether it is an electron or a muon neutrino. What is the probability that this
detector will identify the neutrino in part (a) as an electron neutrino at time t?

(c) What is the largest value of probability of electron neutrino detection (maximum
when t is varied).

4. Consider a particle in 1D with the Hamiltonian

H =
p2

2m
− Fx

where F is a constant. (This Hamiltonian essentially describes the motion of a particle
under a constant force F . Try to interpret your answers below by thinking about this
physics.)

(a) Compute the Heisenberg operators xH(t) and pH(t).

Remember: eABe−A = B + [A,B] +
1

2!
[A, [A,B]] +

1

3!
[A, [A, [A,B]]] + · · ·

(b) Compute [xH(t), pH(t)].

(c) Compute [xH(t), xH(t′)]. Why do we get a non-zero value for the commutator?

(d) Simplify the following expression

pH(t)2

2m
− FxH(t) .

Does it simplify to a time-independent operator expression? Why?
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(e) Compute 〈x〉t and 〈p〉t. Interpret.

(f) Compute ∆xt and ∆pt. Do these expressions depend on F? Why is it that the
uncertainties have the same time-dependence as those of a free particle?

5. Consider a free particle in 1D with the Hamiltonian H = p2/2m.

(a) By using Ehrenfest’s relation

d

dt
〈A〉t =

〈
∂A

∂t

〉
t

+
i

~
〈[H,A]〉t

and integrating the resulting equations, compute 〈p〉t, 〈p2〉t, 〈x〉t and 〈x2〉t in
terms of some initial expectation values 〈· · · 〉0.

(b) Use these to find ∆pt and ∆xt.

Note: We have done this in class by using Heisenberg operators. Here, you need to
use Ehrenfest’s relation in Schrödinger picture. For computing 〈x2〉t, you may need to
invoke Ehrenfest’s relation several times.



PHYS 507 (2015-2)
Homework 4
Due: May 10, 2016, Tuesday, 17:00.

1. Coherent states of a harmonic oscillator are defined as the eigenstates of the annihilation
operator a. If β is any complex number, then the coherent state |β〉 associated with that
eigenvalue is defined by a |β〉 = β |β〉. This is enough to compute most expectation values
of interest. First, note that the bra 〈β| is the eigenstate of a† as we have 〈β| a† = β∗ 〈β|.
(a) Use these two relations (and the fact that 〈β|β〉 = 1) to compute the following

expectation values in the |β〉 state.

〈a〉 ,
〈
a†
〉
,
〈
a†a
〉
,
〈
aa†
〉
,
〈
a2
〉
,
〈
a†

2
〉
.

Check the value of
〈
[a, a†]

〉
.

(b) Use above to express the following expectation values in terms of the real part
βr = Re β and the imaginary part βi = Im β of β = βr + iβi.

〈x〉 , 〈p〉 , 〈xp+ px〉 , ∆x , ∆p .

Check the uncertainty relation. How would you interpret the real and imaginary
parts of the β parameter? Do the uncertainties depend on β?

(c) Suppose that an oscillator is in a coherent state at time t = 0,

|ψ(0)〉 = |β〉 .

Show that the oscillator will also be in a coherent state at all later times, i.e.,

|ψ(t)〉 = eiγt |βt〉 ,

where γt is some phase and βt is the coherent state parameter at time t. Find γt
and βt.

(d) Express the time dependent expectation values

〈x〉t , 〈p〉t , ∆xt , ∆pt ,

for the state in part (c) and interpret. (Note: Just insert βt into your formulas in
part (b). )

The equations in part (d) are part of the reasons why people consider coherent
states as classical states. For example, you have a motion of a wave packet where
the uncertainties are the same as the uncertainties in the “zero-point state”.

2. Consider a harmonic oscillator and the following operator

U = exp(βa† − β∗a) , (1)

where β is a complex number.
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(a) Show that U is unitary, i.e., show that U † = U−1.

(b) Compute
U †aU .

Hint: Remember the identity

eABe−A = B + [A,B] +
1

2!
[A, [A,B]] + · · ·+ 1

n!
[A, [· · · [A,B] · · · ]] + · · ·

(c) Show that U |0〉 is a coherent state. What is the coherent state parameter? Hint-1:
Try to show that U |0〉 is an eigenstate of a. Hint-2: aU = UU †aU .

(d) Consider the ground state |0〉 of the harmonic oscillator. Suppose that we uniformly
translate this state by a distance `. The state we get is

|ψ1〉 = T (`) |0〉 = exp

(
− i
~
`p

)
|0〉 ,

where T (`) is the translation operator.

Using the fact that T (`) is in the same form as the unitary in Eq. (1), show that
|ψ1〉 is a coherent state and identify the β parameter.

(e) Although it is not mentioned in standard quantum mechanics textbooks, there is
an operator that describes “translation in momentum space” (sometimes termed a
boost). The operator B(q) = eiqx is the operator that shifts momentum values by
~q, i.e., momentum distribution in state

|ψ2〉 = B(q) |0〉

is obtained by shifting the momentum distribution of |0〉 by ~q.
Using the fact that B(q) is in the same form as the unitary in Eq. (1), show that
|ψ2〉 is a coherent state and identify the β parameter.

Conclusion: Basically, an arbitrary coherent state |β〉 can be obtained by translat-
ing the ground state |0〉 in both position and momentum spaces. That is why the
uncertainties of all states are the same.

3. Let ~J be an angular momentum. As different components of ~J do not commute, at
most one component can have a definite value; the other two components must always
have uncertainties. There is one exception to this rule. Show that, if |ψ〉 is a common

eigenstate of two components of ~J , then ~J is zero.

To be precise, suppose that

Jx |ψ〉 = λ |ψ〉 ,
Jy |ψ〉 = µ |ψ〉 .

Use the angular momentum commutation relations to show that Jz |ψ〉 = 0, λ = µ = 0
and J2 |ψ〉 = 0.
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4. Consider the state

|ψ〉 =
1√
3

(√
2 |1, 1〉+ |1, 0〉

)
(a) Compute 〈Jx〉, 〈Jy〉, 〈Jz〉 and 〈J2〉 in this state. Express the expectation values of

the components of ~J in a compact form as
〈
~J
〉

, i.e., as a vector.

(b) Let us rotate this state around the z-axis by an angle α. The rotated state is

|ψ′〉 = exp

(
− i
~
αJz

)
|ψ〉 .

Compute the state |ψ′〉 explicitly. After that, compute the expectation values
〈
~J
〉

and 〈J2〉. Do these expectation values transform as you expect them to transform?

5. Consider the hydrogen atom wavefunctions.

(a) Sketch a rough plot of the radial wavefunction Rn`(r) vs r for the following states:
1s, 2s, 3s; 2p, 3p, 4p; 3d, 4d, 5d;
Note: You have keep in mind the nodal structure and behavior near r ∼ 0 and
r ∼ ∞.

(b) The radial probability-distribution function is Prad(r) = r2 |Rn`(r)|2. Sketch a rough
plot of Prad(r) vs r for 1s, 2s and 3s.

6. In this question, you will compute the probability of finding the electron inside the
proton. The size of the proton is around rp ∼ 10−15 m. Compute a rough value for the
probability Prob(r < rp) for the following states.

(a) 1s state

(b) 2s state

(c) 2p state

(d) 3d state

Notes:

(1) First, express the probability as a radial integral in terms of the radial wavefunction
Rn`.

(2) Next, since rp/a0 � 1, we can simplify the integrals by neglecting some terms
without introducing too much error. Convince yourself that the exponential terms
e−r/na0 can be taken as 1. Also, convince yourself that only the most dominant term
of the polynomial part of Rn` can be kept.

(3) It is a good practice to first express Prob(r < rp) as a function of rp/a0 and then
evaluate it numerically.



PHYS 507
Homework V

Due: December 10, 2002, Tuesday.

1. The uncertainty relation for angular momentum, ∆Jx∆Jy ≥ h̄
2
|〈Jz〉| is difficult to

interpret. Here, we concentrate on one special case where there is no uncertainty
in two different components of ~J. Suppose that ∆Jx = ∆Jy = 0. This essentially
means that the state we are considering (call it |ψ〉) is an eigenket of both Jx and
Jy. Let Jx|ψ〉 = λ|ψ〉 and Jy|ψ〉 = µ|ψ〉 where λ and µ are two real numbers.

(a) Show that the fundamental commutation relations of angular momentum com-
ponents imply that |ψ〉 is also an eigenket of Jz with eigenvalue 0.

(b) Show that, by the same reasoning, λ = µ = 0 and |ψ〉 is also an eigenket of J2

with eigenvalue 0. (In other words, if two different components of ~J are known
exactly, then angular momentum is zero.)

(c) Does the result summarized above still valid for any two arbitrary components

of ~J? Suppose that Jn = ~J·n̂ and Jm = ~J·m̂ have no uncertainty in a particular
state |ψ〉, where n̂ and m̂ are two arbitrary unit vectors which are not collinear
(neither parallel nor anti-parallel). Can we still say that J2|ψ〉 = 0?

2. We said that a quantity, A, which remains invariant under rotations, satisfy the
commutation relations [Ji, A] = 0. (The usual examples are the dot products of two
vector quantities like ~r · ~p, r2 or p2.) That guarantees that the expectation value of
A is the same in rotated states as well. In this problem we explore some implications
of the commutation relations satisfied by such an operator, A. Show that

(a) 〈j,m′|A|j,m〉 = 0 if m 6= m′. (Hint: evaluate 〈j,m′|[Jz, A]|j,m〉 in two different
ways.)

(b) 〈j,m|A|j,m〉 = 〈j,m+ 1|A|j,m+ 1〉. (Hint: evaluate 〈j,m|J−AJ+|j,m〉 in two
different ways.)

(c) In part (b) we have shown that 〈j,m|A|j,m〉 = a(j) where a(j) is a number
independent of m (but most probably depends on j). Here is a generalization
of this result. Suppose that |ψ〉 is an arbitrary superposition of the states |j,m〉
with different m values. For example let

|ψ〉 =

j∑
m=−j

cm|j,m〉

and suppose that |ψ〉 is normalized. Show that 〈ψ|A|ψ〉 = a(j).

3. Consider the state |j,m〉. Show the following for the expectation values in this state.

1



(a) 〈Jx〉 = 〈Jy〉 = 0.

(b) 〈J2
x〉 = 〈J2

y 〉 = 1
2
h̄2 (j(j + 1) −m2) = 1

2
〈J2 − J2

z 〉.
(c) 〈JxJy + JyJx〉 = 0.

Let n̂ be an arbitrary unit vector with components nx, ny and nz. Let Jn = ~J · n̂ be
the component of angular momentum along n̂. Again for the same state show that

(d) 〈Jn〉 = h̄mnz.

(e) ∆Jn = ∆Jx

√
1 − n2

z.

4. Consider an arbitrary spinor χ =

[
a
b

]
where a and b are two arbitrary complex

numbers satisfying |a|2 + |b|2 = a∗a+ b∗b = 1.

(a) Calculate the expectation value of all three components of spin, 〈Sx〉, 〈Sy〉 and
〈Sz〉, in the state χ.

(b) Show that the results above can be summarized as 〈~S〉 = h̄
2
n̂ where n̂ is a unit

vector with real components.

(c) Does the equation in part (b) imply that the spinor χ is an eigenvector of

Sn = ~S · n̂ with eigenvalue h̄
2
? (Note: You don’t need to verify the eigenvalue

equation to show this.)

This problem essentially shows that every spinor state is a “spin-up” state along some
direction. Beware that this result is valid only for j = 1

2
representations of angular

momentum and it may also be not valid if there is a spin-position correlation.

5. A beam of spin-1
2

particles with all their spins are polarized along n̂-direction (spin-up
along n̂) are sent to a Stern-Gerlach apparatus. The magnetic field of the apparatus

is along m̂-axis. In other words Sm = ~S · m̂ is measured in the experiment.

(a) Show that the probability of measuring Sm to be +h̄/2 is P+ = 1
2
(1 + n̂ · m̂).

(Hint: To simplify the problem you can choose your z-axis in a convenient
direction.)

(b) As a specific example suppose that the spins are polarized along z-axis. The
apparatus measures Sn where n̂ makes an angle of 60◦ with the z-axis. What are
the probabilities that Sn turns out to be +h̄/2 and −h̄/2 respectively? What
is 〈Sn〉? What is ∆Sn? Compare these results with the expressions in problem
3, parts (d) and (e).

(c) Now, the situation is same as above, but a second Stern-Gerlach apparatus
measures Sz of the electrons that come out of the first one. (i.e., first Sn is
measured, then Sz is measured.) What is the probability of measuring Sz to
be −h̄/2 when Sn is found to be +h̄/2? What is it when Sn was −h̄/2? What
percentage of the electrons come out of the second apparatus as spin-down along
z?

2



PHYS 507
Homework V

Due: May 10, 2003, Friday.

1. A spinless particle in three dimensions has the wavefunction

ψ(x′, y′, z′) = N(x′ + y′ + z′) exp
(
−x′2 − 2y′2 − 3z′2

)
.

(a) If |φ1〉 = exp(− i
h̄

π
2
Jz)|ψ〉, then what is the wavefunction φ1(x

′, y′, z′)?

(b) If |φ2〉 = exp(− i
h̄
πJz)|ψ〉, then what is the wavefunction φ2(x

′, y′, z′)?

(c) If |φ3〉 = exp(− i
h̄

π
2
Jx)|ψ〉, then what is the wavefunction φ3(x

′, y′, z′)?

(Hint: Do not try to do a derivation. Just write what you expect these wave functions
to be. But be extremely careful about the definition of the rotated wavefunction.
The relation (D(R)ψ) (~r′) = ψ(R−1~r′) or 〈~r′|D(R)|ψ〉 = 〈R−1~r′|ψ〉 correctly describes
what you should do. Also note that if ~r′ = x′x̂ + y′ŷ + z′ẑ then

R−1~r′ = x′R−1x̂ + y′R−1ŷ + z′R−1ẑ

for any rotation matrix R.)

2. Consider a state of the form

|ψ〉 = a|1, 1〉 + b|1, 0〉 + c|1,−1〉 ,

where |j,m〉 (j = 1, m = 0,±1) are common eigenstates of J2 and Jz for an angular

momentum operator ~J and a, b and c are some constants.

(a) Calculate Jy|ψ〉 for arbitrary values of a, b and c.

(b) If |ψ〉 is an eigenket of Jy, then it has to satisfy the equation Jy|ψ〉 = h̄m′|ψ〉,
and the theory of angular momentum tells us that m′ can have only the values
m′ = −1, 0,+1. Find the normalized eigenkets of Jy corresponding to these
three possible values of m′. (Name these states as |1,m′〉y.)

(c) Calculate 〈Jz〉 and ∆Jz in the state |1, 1〉y.
(d) Calculate exp

(
− i

h̄
π
2
Jz

)
|1, 1〉y and show that this is an eigenket of Jx.

3. The spherical harmonic for the d states corresponding to m = 2 is given by

Y 2
2 (θ, φ) = N sin2 θe2iφ

where N is a normalization constant. The ladder operator L− for the orbital angular
momentum can be calculated as

L− = h̄e−iφ

(
− ∂

∂θ
+ i

cos θ

sin θ

∂

∂φ

)
.

1



(a) Find a value for the normalization constant N .

(b) By a repeated application of L− obtain Y m
2 for m = 1, 0,−1,−2 starting from

Y 2
2 .

(c) Pick any function among the ones you have found in part (b) and show that it
is already normalized.

(d) Calculate L−Y
−2
2 and show that it is identically zero.

4. The orbital angular momentum for a single particle is defined as ~L = ~r × ~p and its
components can be expressed as

Li =
∑
m,n

εimnxmpn .

Working with these components calculate the following commutators.

(a) [Li, xj].

(b) [Li, pj].

(c) [Li, p
2] =

∑
j[Li, p

2
j ].

(d) [Li, r
2] =

∑
j[Li, x

2
j ].

5. For the electron spin operator ~S, we use Sn = n̂ · ~S to denote the component of the
spin along a unit vector n̂. Let θ and φ be the spherical angles of n̂. In other words

n̂ = sin θ cosφx̂ + sin θ sinφŷ + cos θẑ .

Expressing Sn in matrix form

(a) Show that S2
n = h̄2/4 by direct matrix multiplication.

(b) Show that Sn has only the eigenvalues +h̄/2 and −h̄/2.

(c) Calculate both eigenvectors of Sn and normalize them.

(Hint: 1 − cos θ = 2 sin2 θ

2
, 1 + cos θ = 2 cos2 θ

2
, sin θ = 2 sin

θ

2
cos

θ

2
.)

(d) For the eigenvector corresponding to the eigenvalue +h̄/2 calculate 〈Sx〉, 〈Sy〉
and 〈Sz〉.

2



PHYS 507
Homework V

Assigned: December 12, 2003, Friday.
Due: December 22, 2003, Monday, at 5:00 pm.

1. You know that a classical magnetic dipole moment ~µ in a magnetic field ~B has energy
−~µ · ~B and it feels a torque ~µ×~B. In quantum mechanics we use the same Hamiltonian
(energy) expression, but the expression for the torque is valid as well. Show that

d

dt

〈
~S
〉

t
= 〈~µ〉t×~B

for any uniform magnetic field ~B where ~S is the spin of any particle (not necessarily

spin 1/2). [ You may assume ~µ = k~S for some constant k, although this is unnecessary.]

2. Let ~S1 and ~S2 denote the spins of two spin 1/2 particles and ~S = ~S1 + ~S2 denote
the total spin. We know that a rotation around x axis by an angle θ of the whole
two-particle system is given by

D(θ, x̂) = exp

(
− i

h̄
θSx

)
= exp

(
− i

h̄
θS1x

)
exp

(
− i

h̄
θS2x

)
= D1(θ, x̂)D2(θ, x̂)

in other words we do rotate both particles independently and the result is the rotation
of the whole.

(a) Consider the singlet state

|0, 0〉 =
1√
2

(| ↑↓〉 − | ↓↑〉) .

Rotate this state by the rotation above and show that it is unchanged.

(b) Now, consider the triplet state with Sz = +h̄,

|1, 1〉 = | ↑↑〉 .

Rotate this state by the same rotation and express the result in terms of the
eigenstates of the total angular momentum.

(c) Now this question becomes trivial if you have done part (b) correctly: Find the
eigenstate of Sy with eigenvalue +h̄. And find the eigenstate of Sy with eigenvalue
−h̄.

3. Consider the singlet state, |0, 0〉, of the two particles in problem 2.

(a) Calculate S1x|0, 0〉, S1y|0, 0〉 and S1z|0, 0〉.
(b) What is

〈
~S1

〉
?

1



(c) What is S1x|0, 0〉+ S2x|0, 0〉?
(d) Calculate

〈
~S1 · ~S2

〉
. Can this be consistent with what you have found in (b)?

4. Suppose that a spin-1 particle interacts with a spin-2 particle so that the total system
has the Hamiltonian

H = J~S1 · ~S2 ,

where ~S1 and ~S2 represent the spins of the particles (the quantum numbers are s1 = 1
and s2 = 2.) Find all energy eigenvalues and their degeneracies.

5. Suppose that an electron in a Hydrogen atom is in the state

Y `
` | ↓〉 .

Let ~J = ~L + ~S represent the total angular momentum of this state.

(a) If Jz is measured, which values can be obtained and what are the probabilities of
obtaining each?

(b) If J2 is measured, which values can be obtained and what are the probabilities of
obtaining each?

(c) Calculate 〈J2〉 by using two different methods: (i) Using the result of part (b)

and (ii) using the relation J2 = L2 + S2 + 2~L · ~S.

2



PHYS 507
Homework V

Assigned: April 13, 2004, Tuesday.
Due: April 22, 2004, Thursday, at 5:00 pm.

1. The Hamiltonian for a particle moving under a constant force F is

H =
p2

2m
− Fx .

This problem can be handled easily in Heisenberg picture.

(a) Calculate the Heisenberg operators for momentum, pH(t), and for position, xH(t).
[Hint: eABe−A = B + [A,B] + [A, [A,B]]/2! + · · · ]

(b) Calculate the operator
pH(t)2

2m
− FxH(t) .

Does it have any explicit time dependence? If so, why? If not, why not?

(c) Calculate 〈x〉t and 〈p〉t in terms of some initial expectation values. Do these
equations remind you the “constant acceleration motion”?

(d) Calculate ∆pt and ∆xt (this one a bit long). Are these different than the expres-
sions we have obtained for free particles?

2. Coherent States. Consider a harmonic oscillator with the ladder operators a and a†

satisfying [a, a†] = 1.

(a) What is eλa |0〉? [Here and in the following, λ is a complex number.]

(b) The coherent state |λ〉CS is defined as

|λ〉CS = Neλa† |0〉 ,

where N is a normalization constant so that CS〈λ|λ〉CS = 1. Using the power
series expansion for the exponential function, calculate N .

(c) Consider the operator
S(λ) = exp

(
λa† − λ∗a

)
.

Show that S(λ) is a unitary operator.

(d) Baker-Hausdorff theorem implies that, if A and B are two operators such that
the commutator [A,B] is a number (not an operator), then

eAeB = exp

(
A + B +

1

2
[A,B]

)
.

1



[Note that in this case [A, [A,B]] = [B, [A,B]] = . . . = 0.] Using this result, we
can express S(λ) as

S(λ) = eλa†−λ∗a = C1e
λa†e−λ∗a ,

= C2e
−λ∗aeλa† .

What are C1 and C2?

(e) Using the results in part (d) show that |λ〉CS = S(λ) |0〉.
(f) Suppose that the oscillator is displaced by a distance b from the ground state.

In other words the state of the oscillator is |ψ〉 = T (b) |0〉. Show that |ψ〉 is a
coherent state. What is the value of λ parameter for this case?

(g) Finally, suppose that the oscillator is in the state |ψ(0)〉 = T (b) |0〉 at time t = 0.
Calculate the state at time t and show that this too is a coherent state. What is
the value of λ parameter at time t?

3. (a) Calculate the Heisenberg operators for the ladder operators of a Harmonic oscil-
lator, aH(t) and a†H(t).

(b) Using (a) calculate xH(t) and pH(t) in terms of x and p.

4. Calculate the expectation values of 〈n|x4|n〉 and 〈n|p4|n〉 for the harmonic oscillator.
[Hint: 〈ψ|A2|ψ〉 = 〈Aψ|Aψ〉 is a useful rule to remember.]
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PHYS 507
Homework V (Fall ’04)

Assigned: December 1, 2004, Wednesday.
Due: December 10, 2004, Friday, at 5:00 pm.

1. We can define the rotation operator for a spinless particle as D(R) |~r ′〉 = |R~r ′〉 where
|~r ′〉 is a position eigenket representing the state where the particle is at the position
~r ′ and R~r ′ is the position obtained by rotating point ~r ′.

(a) Show that with such a definition the composition rule D(R1)D(R2) = D(R1R2)
is satisfied.

(b) What is D(R)† |~r ′〉? (You can assume unitarity.)

(c) Let |ψ〉 be an arbitrary state and
∣∣∣ψ̃

〉
is the state obtained by rotating the particle

in state |ψ〉, i.e.,
∣∣∣ψ̃

〉
= D(R) |ψ〉. Show that the wavefunctions of these two states

are related by
ψ̃(~r ′) = ψ(R−1~r ′) .

2. Consider the rotation R = R(π/2, ŷ) where you rotate the space around y axis by π/2
radians.

(a) What are Rx̂, Rŷ and Rẑ? Using these calculate R~r ′ where ~r ′ = x′x̂+ y′ŷ + z′ẑ.

(b) Do the same to calculate R−1~r ′.

(c) Let |ψ〉 be the state with wavefunction ψ(~r ′) = ψ(x′, y′, z′) = N exp(ikx′). Use the
prescription given in problem 1(c) to calculate the wavefunction for the rotated

state
∣∣∣ψ̃

〉
= D(R) |ψ〉.

(d) What are the expectation values of the momentum operator, ~p, in the states |ψ〉
and

∣∣∣ψ̃
〉
? (You don’t need to do a calculation to find these). Verify that the

values you have found satisfy

〈ψ̃|~p|ψ̃〉 = R〈ψ|~p|ψ〉 .

3. We consider a particle with angular momentum ~J . Its spin is denoted by ~S and its
orbital angular momentum by ~L. Without calculating any commutators answer the
following

(a) Which of the following operators commute with all three components of ~J?

(b) Which of them commute with Jy but not with Jx and Jz?

(c) What is [Jx, C]? (don’t calculate!)

A = xpx + ypy + zpz , B = SxLx + SyLy + SzLz ,

C = xSy − ySx , D = Jzpx − Jxpz ,

E = L2
x + L2

y + L2
z , F = xLy + yLx .

1



4. Remember the uncertainty relation we have seen in chapter 1. For two observables A
and B we have the inequality

∆A∆B ≥ 1

2
|〈[A,B]〉| .

We will apply these to the angular momentum commutation relations.

(a) Show that if all three components of ~J has zero uncertainty in a state (∆Jx =
∆Jy = ∆Jz = 0) then the eigenvalue of all components and J2 is 0.

(b) Show that if |ψ〉 is a common eigenstate of Jx and Jy, then it is also an eigenstate
of Jz. (In other words if ∆Jx = ∆Jy = 0 then ∆Jz = 0 leading to the same
conclusion in part (a). This is an important result saying that, excepting the

obvious case where J2 is 0, we can determine at most one component of ~J . You
need to evaluate (JxJy − JyJx) |ψ〉 to solve this problem.)

(c) Express the uncertainty relations for (i) ∆Jz∆z, (ii) ∆Jz∆pz and (iii) ∆Jx∆y.

5. Standard problem which has to be done at least once. We consider the common
eigenstate |j, m〉 of operators J2 and Jz. Do the following calculations in this state.

(a) Calculate 〈Jx〉, 〈Jy〉 and 〈Jz〉. Express these in a compact form by computing〈
~J
〉
.

(b) Let Jn = n̂ · ~J be a component of the angular momentum along an arbitrary
direction n̂ = nxx̂ + nyŷ + nzẑ. What is 〈Jn〉?

(c) Calculate 〈J2
x〉 and

〈
J2

y

〉
.

(d) Calculate 〈JxJy + JyJx〉, 〈JxJz〉 and 〈JyJz〉 and show that all of these are zero.

(e) Calculate 〈J2
n〉 and show that the result depends only on nz.
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PHYS 507
Homework V (Spring ’05)

Assigned: April 20, 2005, Wednesday.
Due: April 29, 2005, Friday, at 5:00 pm.

1. Consider a free particle with positive charge Q subjected to a uniform magnetic field
along the z-axis, ~B = Bẑ. The vector potential is chosen in the symmetric gauge

~A =
B

2
(−yx̂ + xŷ) ,

and the scalar potential is 0. The Hamiltonian is

H =
1

2m

(
~p− Q

c
~A

)2

=
1

2m
~π2 =

1

2m
(π2

x + π2
y + π2

z) ,

where ~π is the kinetical momentum.

(a) Calculate the commutators [πx, πy], [πx, πz] and [πy, πz].

(b) Calculate [H, πx], [H, πy] and [H, πz].

(c) What are [H, πx ± iπy]?

(d) Is there a ladder operator Z satisfying this: If |ψ〉 is an eigenket of H with
eigenvalue E, then Z |ψ〉 is also an eigenket with eigenvalue E + h̄ωc? If yes, what
is Z and what is ωc?

2. This is a continuation of problem 1.

(a) Calculate the time derivatives of 〈πx〉t, 〈πy〉t and 〈πz〉t for an arbitrary initial
state.

(b) Integrate these and express them in terms of some initial expectation values.

3. Consider the motion of a charged particle with charge Q and mass m inside a uniform
time-independent electric ~E = Ex̂. There is no magnetic field.

(a) This electric field can be described by a scalar potential only ( ~A = 0). What is
φ? What is the Hamiltonian?

(b) Same problem can also be described by a vector potential only. Since this is a
different gauge we will use tildes in potentials. Set φ̃ = 0. What is the vector

potential ~̃A? Check that the magnetic field is 0. What is the Hamiltonian?

(c) Let ψ(~r′) be the wavefunction for a particular state of the particle for the gauge
in part (a) and ψ̃(~r′) be the wavefunction for the same state but for the gauge in
part (b). What is the relation between ψ̃(~r′) and ψ(~r′)?

1



4. Consider the Harmonic oscillator Hamiltonian

H =
p2

2m
+

1

2
mω2x2 .

Let |n〉 be the usual eigenstates of this Hamiltonian. Calculate the following

(a) 〈n|x4|n〉,
(b) 〈n|p4|n〉,
(c) 〈n|(xp + px)|n〉.
Certain tricks are useful in (a) and (b). In (c) calculate xp + px first.

5. Same Hamiltonian as in problem 4. Let a and a† be the usual ladder operators.

(a) Taking time derivatives and integrating them calculate 〈a〉t and
〈
a†

〉
t

for an ar-
bitrary initial state in terms of some initial expectation values.

(b) Use the results in part (a) to calculate 〈x〉t and 〈p〉t in terms of the initial expec-
tation values 〈x〉0 and 〈p〉0.

(c) Calculate 〈a2〉t and
〈
a†2

〉
t
.
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PHYS 507
Homework V (Fall ’05)

Assigned: November 7, 2005, Monday.
Due: November 16, 2005, Wednesday, at 5:00 pm.
Note: First Midterm exam is on November 19, Saturday at 14:00 somewhere in the Physics
Dept.

1. The Virial Theorem: Consider the Hamiltonian for a particle in 1D,

H =
p2

2m
+ V (x) = T + V ,

where T is the kinetic energy operator. We assume that the potential V (x) is of such
a nature that H has bounded eigenstates |ϕn〉 with discrete energies En. In that case
|ϕn〉 can be normalized to unity, 〈ϕn|ϕn〉 = 1. Denote the expectation values in state
|ϕn〉 by 〈 〉n.

(a) Show that 〈[H, A]〉n=0 for any operator A.

(b) Consider the operator A = xp + px. Compute [T, A] and [V,A]. Using these
expressions and part (a), find a relationship between 〈T 〉n and 〈xV ′(x)〉n (this is
called the virial theorem).

(c) Apply the theorem to potentials of the form V (x) = c |x|α, where c and α are
constants, and express 〈T 〉n and 〈V 〉n in terms of the energy eigenvalue En.

(d) Two special cases of the bounding potentials of the type in part (c) are (i) the
harmonic oscillator where V (x) = kx2/2 and (ii) the 1D Coulomb problem where
V (x) = −e2/ |x|. What are the relations obtained in part (c) for these two
particular cases?

(e) Consider the free particle case (V = c =constant) as an example to a problem
where the theorem cannot apply because H does not have bounded eigenstates.
In that case the exponent α is 0. What does the relation in part (c) imply for the
relation between 〈T 〉n and En and what is the correct relationship? (Since the
eigenstates are not normalized to unity, we cannot evaluate expectation values in
here, but still we can assign a value to 〈T 〉n as the average kinetic energy.)

2. Consider the Hamiltonian for a particle in 1D

H =
p2

2m
+ V (x) .

Suppose that all eigenstates |ϕn〉 of H are normalizable to unity (i.e., we have 〈ϕn|ϕ`〉 =
δn`) and En are the energy eigenvalues. The matrix elements of position xn` = 〈ϕn|x|ϕ`〉
are valuable quantities as they are related to the transition rate in the optical transi-
tions between level n and level `. In here we will obtain a relationship between these
matrix elements.

(a) What is the relation between xn` and x`n?

1



(b) Compute the commutator [H, x]. Using this find a relationship between the matrix
element pn` of momentum and the corresponding matrix element xn` of position.

(c) Consider the canonical commutation relation [x, p] = ih̄. One particular relation
that we can derive from this is 〈ϕn|[x, p]|ϕn〉 = ih̄. Re-express this relation in
terms of the matrix elements of position and momentum. (Hint: You may want
to insert the identity operator 1 =

∑
` |ϕ`〉 〈ϕ`| into appropriate places in that

expression.)

(d) Combining the expression in part (c) with those in parts (a) and (b) obtain the
following sum rule

∑

`

(E` − En) |xn`|2 =
h̄2

2m
.

3. Consider the Hamiltonian

H =
p2

2m
− Fx ,

where F is a constant. Obtain the Heisenberg operators xH(t) and pH(t) for this
problem by using two alternative methods

(a) By evaluating

xH(t) = exp

(
i

h̄
Ht

)
x exp

(
− i

h̄
Ht

)
, pH(t) = exp

(
i

h̄
Ht

)
p exp

(
− i

h̄
Ht

)
.

(b) Or by solving the following differential equations

d

dt
xH(t) =

i

h̄
[H, xH(t)] ,

d

dt
pH(t) =

i

h̄
[H, pH(t)] .

(Hint: Note that H = HH(t) = pH(t)2/2m− FxH(t).)

4. Consider a Hamiltonian in 1D of the form H =
√

p2c2 + m2c4.

(a) Find the time derivative of 〈x〉t.
(b) If you wanted to define a velocity operator, v, for this system, how would you

define it?

(c) Express the momentum operator p in terms of the velocity operator v.

5. Let H be a 3D Hamiltonian of the form

H =
~p 2

2m
+ V (~r) =

p2
x + p2

y + p2
z

2m
+ V (x, y, z) .

Let |ϕn〉 be a bound eigenstate of H which can be normalized to unity. Show that
〈~p〉n = 0 in this state. (Hint: Use the statement in problem 1(a) with xj.)
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PHYS 507
Homework V (Spring ’06)

Assigned: March 22, 2006, Wednesday.
Due: March 29, 2006, Wednesday, at 5:00 pm.

1. Remember that the spin dynamics of the electron placed in a magnetic field ~B is
governed by the Hamiltonian H = −~µ · ~B = µB~σ · ~B where ~µ = µB~σ is the magnetic
dipole moment operator. Suppose that the magnetic field is on the xz-plane with
~B = B(cos θẑ + sin θx̂).

(a) What are the energy eigenvalues E1, E2 of H? What is the angular frequency
associated with the transitions between these two levels, ω = (E2−E1)/h̄? (Below,
use ω whenever it simplifies the expressions.)

(b) What is the time-development operator U(t)?

(c) Let the electron be in spin-up along-z state at t = 0, i.e.,

ψ(0) =

[
1
0

]
.

Compute the state at time t.

(d) Compute p↓(t), the probability of finding the electron in spin-down along-z state
at time t. When does this probability become a maximum? What is the maximum
value? Can you interpret this result using the spin precession picture?

2. Consider the harmonic oscillator Hamiltonian

H =
p2

2m
+

1

2
mω2x2 .

(a) Compute the Heisenberg operators for the ladder operators, aH(t) and a†H(t).

(b) Compute the Heisenberg operators for position and momentum, xH(t) and pH(t),
and express these in terms of x and p.

(c) Assume an arbitrary initial state. Compute 〈x〉t and 〈p〉t in terms of some initial
expectation values.

(d) Compute ∆x2
t and ∆p2

t in terms of some initial expectation values. (Use the
shorthand c0 for the correlator

c0 =
1

2
〈xp + px〉0 − 〈x〉0 〈p〉0

to simplify the notation).

(e) Suppose that the initial value of the correlator is zero, c0 = 0. Show that
∆xt∆pt ≥ ∆x0∆p0. [Hint: cos4 θ + sin4 θ = (cos2 θ + sin2 θ)2 − 2 cos2 θ sin2 θ]

1



3. Compute the following expectation values in state |n〉 of the Harmonic oscillator.

(a) 〈xp + px〉n,

(b) 〈x4〉n,

(c) 〈p4〉n,

(d) 〈x137〉n.

4. Let the Harmonic oscillator be in the following state at t = 0.

|ψ(t = 0)〉 =
1√
2

(|n〉+ |n + 1〉) .

(a) What is the state at time t, |ψ(t)〉 =?

(b) Compute 〈x〉t = 〈ψ(t)|x|ψ(t)〉, the average position at time t.

(c) Compute 〈p〉t = 〈ψ(t)|p|ψ(t)〉, the average momentum at time t.

(d) Compute ∆xt and ∆pt. [A possible hint: What are 〈n|x2|n+1〉 and 〈n|p2|n+1〉?]
(e) Show that ∆xt∆pt ≥ h̄/2.

2



PHYS 507
Homework VI

Due: December 20, 2002, Friday.

1. Consider the spin singlet state of two spin-1
2 particles: |0, 0〉 = 1√

2
(| ↑〉1| ↓〉2 − | ↓〉1| ↑〉2).

(a) Explicitly apply S2 = S2
1 + S2

2 + 2~S1 · ~S2 on the state |0, 0〉 and show that the result
is 0. Here ~S is the total spin: ~S = ~S1 + ~S2. (Hint: Remember that we can write
~S1 · ~S2 = S1zS2z + 1

2 (S1+S2− + S1−S2+)).

(b) By explicit calculation show that 〈S1x〉 = 〈S1y〉 = 〈S1z〉 = 0 in this state. (In other
words, if you measure any component of the spin for particle-1, you will have equal
probability of finding +h̄/2 and −h̄/2.)

2. Consider a spin-1 particle in a state with orbital angular momentum quantum number
` = 2. Suppose that the particle is in a state |ψ〉 = |` = 2,m` = 1〉 ⊗ |s = 1,ms = 1〉.
(If you like you may write this state as Y 1

2 (θ, φ)|s = 1,ms = 1〉.) Let, ~J = ~L + ~S be the
angular momentum.

(a) Express the eigenstates of J2 and Jz, that is the kets |j,m〉c, in terms of the uncoupled
states for (i) |j = 3,m = 3〉c, (ii) |j = 3,m = 2〉c and (iii) |j = 2,m = 2〉c.

(b) Suppose that J2 and Jz are measured in the state |ψ〉. Which values can be obtained
and what are the probabilities of obtaining each?

(c) What is the uncertainty in J2? (∆J2 =?)

3. In magnetic solids the magnetic moments of different atoms interact through a mechanism
called exchange interaction. This interaction is treated differently for different types of
solids. But, one of the most common forms used is the Heisenberg Hamiltonian. In this
case, it is assumed that the interaction of the magnetic moments of two neighboring atoms is
of the form H = −J~S1 · ~S2, where ~Sn (n = 1, 2) are the total internal angular momentum
of atoms (usually called “spin”) and J is called the exchange integral. The constant J
can be positive or negative, but in here we will assume that it is positive, so that the
magnetic moments try to orient in the same direction. When all of the atoms in the solid
is included, the total Hamiltonian becomes extremely complicated. This Hamiltonian has
not been solved yet except in one-dimension. However, when there are only a few atoms,
all eigenstates and eigenvalues of the Hamiltonian can be obtained by using simple tricks.
In the following, find all eigenvalues of the Hamiltonian H and calculate its degeneracies
when each atom has spin 1

2 . Do not try to write down the eigenstates.

s s1 2

(a)

s ss
�
�

A
A

1 2

3

(b)

s ss s
1 2

34

(c)

1



(a) H = −J~S1 · ~S2.

(b) H = −J
(
~S1 · ~S2 + ~S1 · ~S3 + ~S2 · ~S3

)
.

(c) H = −J
(
~S1 · ~S2 + ~S2 · ~S3 + ~S3 · ~S4 + ~S4 · ~S1

)
. Note that in this case there are no

interactions between atoms across the diagonal (not between 1 and 3, and 2 and 4.)

In all cases note that the total spin ~Stot =
∑

n
~Sn has to be a conserved quantity since all

of the Hamiltonians are rotationally invariant.

4. Spin-Position Correlation: Two quantities are said to be correlated if measurement of one
depends on the value of the other. Spins and positions of electrons in natural atoms are
correlated due to the spin-orbit coupling. In here we will consider an artificial situtation
with spin-position correlation. Consider a spin-1

2 particle in a box. The particle can move
in a one-dimensional box with boundaries at x = 0 and x = L. In the spinless version of
this problem the eigenfunctions of the Hamiltonian are found to be

ϕn(x′) =

√
2
L

sin
nπx′

L
(n = 1, 2, . . .) .

The only complication in here is that the spin enters as a separate degree of freedom
without altering the energy. Suppose that the particle is in the state represented by the
normalized spinor-wavefunction

ψ =
1√
2

[
ϕ1(x′)
ϕ2(x′)

]
at t = 0. It is obvious that this is not an energy eigenstate, as a result measurements
carried out at different times will give different results. In the following, we will assume
that all measurements are carried out at t = 0.

(a) Find 〈x〉, 〈Sx〉, 〈Sy〉 and 〈Sz〉 in this state.

(b) Suppose that the position of the particle is measured at t = 0 and it is found that it
is at x = L

2 . A component of the spin is measured immediately after. What is 〈Sz〉 if
Sz is measured? What is 〈Sx〉 if Sx is measured?

(c) Suppose now that the measurement of position at t = 0 gives the value x = L
4 . Again

a component of spin is measured immediately after. What is 〈Sz〉 if Sz is measured?
What is 〈Sx〉 if Sx is measured?

(d) Consider the case when a component of spin is measured before position. Suppose
that Sz is measured first and we found its value to be h̄

2 . To which state does the
collapse occur? If position is measured next, what is 〈x〉?

(e) Suppose that Sx is measured at t = 0 and its value is found to be h̄
2 . To which state

does the collapse occur? If position is measured next, what is 〈x〉?

(Hint: You can use the following for quick evaluation of integrals: 〈ϕn|x|ϕn〉 = L
2 for any

n and 〈ϕ1|x|ϕ2〉 = − 16
9π2L ≈ −0.18L.)
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PHYS 507
Homework VI

Due: May 17, 2003, Friday.

1. Consider the spin state of two spin-1
2

particles. Let ~S = ~S1 + ~S2 be the total spin
operator.

(a) Calculate S2|0, 0〉 explicitly for the spin-singlet state

|0, 0〉 =
1√
2

(| ↑↓〉 − | ↓↑〉) .

(b) This time calculate S2|1, 0〉 explicitly for the spin-triplet state corresponding to
m = 0

|1, 0〉 =
1√
2

(| ↑↓〉 + | ↓↑〉) .

2. An electron is in a p-state (` = 1) with m = 1 and its spin is down. In other words
it is in a state described by

Y 1
1 | ↓〉 .

Let ~J = ~L + ~S denote the total of the orbital and spin angular momentum of the
electron.

(a) Express this state in terms of the common eigenkets of J2 and Jz.

(b) An experiment is carried out to measure the observable Jz in that state. Which
values can be observed and what are the probabilities of obtaining each? What
is the average value, 〈Jz〉 =? What is the uncertainty, ∆Jz =?

(c) An experiment is carried out to measure the observable J2 in that state. Which
values can be observed and what are the probabilities of obtaining each? What is

the average value, 〈J2〉 =? What is the uncertainty, ∆J2 =
√

〈(J2)2〉 − 〈J2〉2 =?

3. In the last homework we have obtained the eigenstates of Sn = n̂ · ~S in terms of the
spin-up and spin-down states (eigenstates of Sz) as

|n̂, ↑〉 = cos
θ

2
| ↑〉 + sin

θ

2
eiφ| ↓〉 ,

|n̂, ↓〉 = sin
θ

2
| ↑〉 − cos

θ

2
eiφ| ↓〉 ,

where n̂ is an arbitrary unit vector with spherical angles θ and φ.

n̂ = sin θ cos φx̂ + sin θ sin φŷ + cos θẑ .

1



(a) Express the eigenstates of Sz (i.e., | ↑〉 and | ↓〉 states) in terms of |n̂, ↑〉 and
|n̂, ↓〉. [Hint: The latter form an orthonormal basis, as a result we have the
usual identity |n̂, ↑〉〈n̂, ↑ | + |n̂, ↓〉〈n̂, ↓ | = 1.]

(b) Consider the spin singlet state of two spin-1
2

particles

|0, 0〉 =
1√
2

(| ↑↓〉 − | ↓↑〉) ,

which is expressed in terms of the eigenstates of S1z and S2z of the two particles.
Would the expression be different if it was expressed in terms of the eigenstates
of S1n and S2n instead? Express |0, 0〉 in terms of |n̂, ↑〉 and |n̂, ↓〉 using the
result you have found in part (a).

4. In a Stern-Gerlach experiment, a component of the spin of a polarized beam of spin-1
2

particles is measured.

(a) The incident particles are in spin-up state along z, and the experiment measures

Sn = n̂ · ~S where n̂ is a unit vector with spherical angles θ and φ. What is the
probability of observing +h̄/2 and what is the probability of observing −h̄/2?
What is 〈Sn〉? What is ∆Sn?

(b) This time the incident particles are in spin-up state along n̂, and the experi-
ment measures Sz. What is the probability of observing +h̄/2 and what is the
probability of observing −h̄/2? What is 〈Sz〉? What is ∆Sz?

(c) Same problem as in part (b), but the incident particles are in spin-down state
along n̂. Answer the same questions.

[You can use the information given in problem 3.]

5. Let ~J be the sum of two independent angular momentum operators ~J1 and ~J2,
(~J = ~J1 + ~J2). Calculate the commutators [J1z, J

2] and [J2z, J
2].
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PHYS 507
Homework VI

Assigned: April 20, 2004, Tuesday.
Due: April 30, 2004, Friday, at 5:00 pm.

1. Consider a gauge transformation |ψ〉 →
∣∣∣ψ̃

〉
for a particle with charge Q defined by

ψ̃(~r′) = exp

(
i
Q

h̄c
Λ(~r′, t)

)
ψ(~r′) ,

and ~̃A = ~A + ~∇Λ.

(a) Show that 〈ψ|~r|ψ〉 = 〈ψ̃|~r|ψ̃〉. (i.e., average position is gauge invariant.)

(b) Show that the average of kinetical momentum is gauge invariant, i.e., 〈ψ|~π|ψ〉 =
〈ψ̃|~̃π|ψ̃〉.

(c) Using (b), show that average momentum is not gauge invariant, i.e., 〈ψ|~p|ψ〉 6=
〈ψ̃|~p|ψ̃〉. For this reason, the canonical momentum has no physical meaning.

2. Consider an particle with charge Q moving in 2D on xy-plane. There is a magnetic
field along z axis given by ~B = Bẑ. You can choose any gauge you want, but you don’t
need to choose one to solve this problem. The Hamiltonian, as usual, is

H =
1

2m
(π2

x + π2
y) =

1

2m

(
~p− Q

c
~A

)2

.

(a) Calculate the commutator [πx, πy].

(b) Using Ehrenfest’s theorem calculate the time derivatives of 〈πx〉t and 〈πy〉t.
(c) Solving these equations, express 〈πx〉t and 〈πy〉t for an arbitrary state in terms of

some initial expectation values.

(d) Finally express 〈x〉t and 〈y〉t in terms of some initial expectation values. Is this
motion consistent with the motion of a classical particle under a magnetic field?

3. Here you will do an alternative solution of the Landau problem. Consider an electron
with charge (−e) moving in a two-dimensional plane. We assume that the electron
has no degree of freedom along the third (z) direction. There is a magnetic field along

positive z-axis (~B = Bẑ). Choose the symmetric gauge

Ax = −B

2
y , Ax = +

B

2
x .

The Hamiltonian is

H =
1

2m
(π2

x + π2
y) =

1

2m

(
~p− (−e)

c
~A

)2

.

You may want to express all quantities of interest in terms of the cyclotron frequency
ω = eB/mc instead of B.

1



(a) Calculate [πx, πy].

(b) Calculate [a, a†] where the operator a is defined as

a =
πx − iπy√

2mh̄ω
.

Is the commutation relation for the ladder operators satisfied?

(c) Let us define a new operator b as follows

b =
1√

2mh̄ω

{(
px +

(−e)

c
Ax

)
+ i

(
py +

(−e)

c
Ay

)}
.

Calculate [b, b†]. Do these also satisfy the commutation relation for ladder oper-
ators?

(d) Show that [b, a] = [b, a†] = 0 and hence [b†, a] = [b†, a†] = 0. (These relations are
satisfied only in the symmetric gauge.)

(e) The Hamiltonian, which is expressed in terms of four operators px, py, x and y,
can also be expressed in terms of four operators a, a†, b and b†. Express it in
terms of these ladder operators. Does this expression contain b or b†? (By this
point, we have essentially mapped the problem to a 2D harmonic oscillator with
one frequency being zero.)

(f) The result in part (e) should imply that the common eigenstates of a†a and b†b
are also eigenstates of H. Let |n, `〉 denote the common eigenstates of a†a and
b†b,

a†a |n, `〉 = n |n, `〉 , b†b |n, `〉 = ` |n, `〉 n, ` = 0, 1, 2, . . .

What is the energy eigenvalue En` of these states? What is the degeneracy of
each level? (These are called Landau levels)

(g) The state |0, 0〉 satisfies the property a |0, 0〉 = b |0, 0〉 = 0. Using these two
equations obtain the position-space wavefunction for the state |0, 0〉.
(Note: The others can be obtained from

|n, `〉 =
a†nb†`√

n!`!
|0, 0〉 . )
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PHYS 507
Homework VI (Fall ’04)

Assigned: December 15, 2004, Wednesday.
Due: December 24, 2004, Friday, at 5:00 pm.

1. Let n̂ be a unit vector with spherical coordinates θ and φ, i.e., n̂ = sin θ(cos φx̂ +

sin φŷ) + cos θẑ. We have calculated the eigenvectors of Sn = n̂ · ~S for a spin 1/2
particle before. Here we will recalculate them by a different method. Consider m̂ =
− sin φx̂ + cos φŷ. Note that m̂ is a unit vector perpendicular to both ẑ and n̂; also
m̂ points along ẑ × n̂. Therefore, if we rotate the space around m̂ by an angle θ,
then ẑ is carried to n̂ and we should expect that the eigenstates of Sz is carried to the
eigenstates of Sn.

D(θm̂) |↑〉 = |n̂, ↑〉 and D(θm̂) |↓〉 = |n̂, ↓〉 ,

where |n̂, ↑〉 and |n̂, ↓〉 represent the “spin-up along n̂” and “spin-down along n̂” states
respectively. In this problem, use the usual matrix representation for the spin space of
a spin 1/2 particle.

(a) Calculate the rotation operator D(θm̂).

(b) Calculate the eigenvectors of Sn by using the rotation operator you have found.
Check that the vectors you have obtained are orthogonal and normalized.

(c) To find the spin-down state along n̂ you might use D(−(π − θ)m̂) |↑〉. Do this
calculation. Do you get the same state?

2. What are the eigenvalues of Sx +2Sy +3Sz for a spin 1 particle? (Answer it in at most
two lines.)

3. The spherical harmonics for the quantum number ` = 1 can be written in terms of the
cartesian coordinates as follows

Y 1
1 =

√
3

4π

x′ + iy′√
2r

,

Y 0
1 =

√
3

4π

z′

r
,

Y −1
1 = −

√
3

4π

x′ − iy′√
2r

.

Remember that these are eigenfunctions of Lz and they are orthonormal. It is quite
easy to see the structure in these expressions.

(a) Without doing any calculations write down the normalized eigenfunctions of Lx

corresponding to ` = 1. (Use the symbol Xm
1 for these functions, i.e., LxX

m
1 =

mh̄Xm
1 ).

1



(b) Express each Xm
1 as a superposition of Y m

1 s.

(c) Let Fm
1 represent the normalized eigenfunctions of Ly for ` = 1, (LyF

m
1 = mh̄Fm

1 ).
We can apply the procedure in part (a) to find these but don’t do that. Instead,
rotate Xm

1 around z-axis by π/2 radians to find Fm
1 as a superposition of Y m

1 s.
(You need to use the expansion in part (b) for this).

4. A standard question: The wavefunction of an electron is

ψ(~r ′) = x′ exp(−λr) .

Which values can we obtain and what are the probabilities of obtaining each if

i. L2 is measured,

ii. Lx is measured,

iii. Lz is measured,

iv. Ly is measured

in this state?

5. Consider the spin-singlet state of two spin 1/2 particles

|0, 0〉 =
1√
2

(|↑↓〉 − |↓↑〉) .

(a) Calculate (i) S1zS2z |0, 0〉, (ii) S1xS2x |0, 0〉 and (iii) S1yS2y |0, 0〉. Is the state |0, 0〉
an eigenstate of these three operators? Is it an eigenstate of ~S1 · ~S2?

(b) Based on the result in part (a), what is the eigenvalue of S2 = (~S1 + ~S2)
2 for the

state |0, 0〉?
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PHYS 507
Homework VI (Spring ’05)

Assigned: May 4, 2005, Wednesday.
Due: May 13, 2005, Friday, at 5:00 pm.

1. Consider a single spinless particle in the state |ψ〉 with the position-space wavefunction

ψ(~r ′) = 〈~r ′|ψ〉 = N exp

(
−(~r ′ − ~a)2

4σ2
+ i~k · ~r ′

)
.

(Note: (~r ′ − ~a)2 = (~r ′ − ~a) · (~r ′ − ~a). )

(a) What are the expectation values of position, 〈~r〉, and momentum, 〈~p〉? (You do
not need to evaluate integrals to compute these.)

(b) Let R be a rotation matrix and ~a and ~b be two classical vectors. If ~a · R~b = ~c ·~b
then what is ~c?

(c) Suppose that the particle in state |ψ〉 is rotated to a new state |ψ′〉 by a rotation
R, |ψ′〉 = D(R) |ψ〉. We have said in class that the position-space wavefunctions
transform like ψ′(~r ′) = ψ(R−1~r ′). What is the wavefunction ψ′(~r ′)?

(d) What are the new expectation values of position and momentum in the rotated
state?

2. Consider a particle with angular momentum ~J . Its spin is denoted by ~S and its orbital
angular momentum by ~L. Without calculating any commutators answer the following

(a) Which of the following operators commute with all three components of ~J?

(b) Which of them commute with Jz but not with Jx and Jy?

(c) What is [Jx, F ]? (don’t calculate!)

A = xpx + ypy + zpz , B = ~r · (~L× ~S) ,

C = SxSy − SySx , D = (~r × ~S) · (~p× ~L) ,

E = xLy − yLx , F = pxSz − pzSx .

3. Standard problem which has to be done at least once. We consider the common
eigenstate |j, m〉 of operators J2 and Jz. Do the following calculations in this state.

(a) Calculate 〈Jx〉, 〈Jy〉 and 〈Jz〉. Express these in a compact form by computing〈
~J
〉
.

(b) Let Jn = n̂ · ~J be a component of the angular momentum along an arbitrary
direction n̂ = nxx̂ + nyŷ + nzẑ. What is 〈Jn〉?

(c) Calculate 〈J2
x〉 and

〈
J2

y

〉
.

1



(d) Calculate 〈JxJy + JyJx〉, 〈JxJz〉 and 〈JyJz〉 and show that all of these are zero.

(e) Suppose that n̂ is on the xy-plane (i.e., nz = 0). Show that 〈Jn〉 = 0 and
〈J2

n〉 = 〈J2
x〉.

(f) Show that the following uncertainty relation is satisfied

∆Jx∆Jy ≥ 1

2
|〈[Jx, Jy]〉| .

4. Consider the rotations around z-axis by an angle α.

(a) Let ~V be a vector operator. What is the value of the following operator expression?

D(αẑ)†VxD(αẑ) .

(a) What is D(αẑ) |j, m〉?
(b) Let f(Jx) be an arbitrary function of the operator Jx. Show that

〈j, m|f(Jx)|j, m〉 = 〈j,m|f(Jy)|j, m〉 = 〈j, m|f(−Jy)|j,m〉 .

5. What is the angle between the z-axis and the vector ~J in the state |j, j〉 for j = 1/2,
1 and 3/2?

2



PHYS 507
Homework VI (Fall ’05)

Assigned: November 23, 2005, Monday.
Due: November 30, 2005, Wednesday, at 5:00 pm.

1. In the Hydrogen atom problem H = ~p2/2m − Ze2/r, the particular gauge chosen is

~A = 0 and φ = Ze/r. In another possible gauge ( ~̃A, φ̃), we might choose φ̃ = 0. In
that case the Hamiltonian becomes

H̃ =
1

2m

(
~p− (−e)

c
~̃A

)2

,

i.e., consisting of kinetic energy only. One price paid is ~̃A = ~̃A(~r, t) and hence H̃ = H̃(t)
is now time dependent. But this Hamiltonian still provides a valid description of the
Hydrogen atom problem.

(a) What is ~̃A(~r, t)?

(b) What is the scalar function Λ used in the gauge transformation from ( ~A, φ) to

( ~̃A, φ̃)?

(c) If ψ is a position-space wavefunction for a particular state of the electron in the

gauge ( ~A, φ), what is the position-space wavefunction ψ̃ that needs to be used to

describe the same state in the gauge ( ~̃A, φ̃)?

2. Consider a particle in 1D having charge Q moving under a time and position inde-
pendent electric field E. There are two frequently used Hamiltonians to describe the
motion of such a particle. One of them introduces the electric field by a scalar potential
φ(x) (where A = 0) and the Hamiltonian is H = p2/2m+Qφ(x). The other introduces
the field by a vector potential Ã(t) (where φ = 0). In that case the Hamiltonian is

H̃ =
1

2m

(
p− Q

c
Ã(t)

)2

.

(In the first case, H is time-independent but has a potential unbounded from below
(as a result, energy eigenvalues have no lower bound). In the second case, H̃ is time
dependent but has the advantage that the momentum is conserved. So, both Hamil-
tonians have certain advantages and disadvantages. Depending on the purpose, either
one can be chosen in applications.)

(a) What is φ(x) and what is Ã(t)?

(b) What is the scalar function Λ that appears in the gauge transform between these
two gauges?

(c) If ψ and ψ̃ are corresponding position-space wavefunctions for the same state of
the particle, what is the relation between them?

1



3. Consider an electron with charge (−e) moving on the two-dimensional xy-plane (we
ignore the z-component of motion in this case). Suppose that there is a magnetic field
~B = Bẑ along the z-direction (B > 0). The Hamiltonian of the electron is

H =
1

2m
(π2

x + π2
y) =

1

2m

(
px +

e

c
Ax

)2

+
1

2m

(
py +

e

c
Ay

)2

,

where Ax and Ay are chosen to be a function of x and y only. (There are various

choices for ~A, but you don’t need to choose any one of them to solve this problem.)
Use ω = eB/mc, the cyclotron frequency, whenever it is appropriate.

(a) Compute [πx, πy].

(b) An operator a is defined as a = D(πx− iπy) where D is a real number. Show that
for an appropriate choice of D, we obtain the commutation relation [a, a†] = 1.
(In other words, the relation satisfied by the ladder operators met in the Harmonic
oscillator problem.)

(c) As πx and πy can be expressed in terms of a and a†, the same can be done for H
also. Express H in terms of a and a†. Did you recognize this expression?

(d) If you have recognized, then what are the energy eigenvalues of H?

4. Consider a particle with charge Q moving under a uniform electric and magnetic fields
~E and ~B (fields are independent of position, but they may depend on time). The
Hamiltonian as usual is

H =
1

2m

(
~p− Q

c
~A

)2

+ Qφ =
1

2m
~π2 + Qφ ,

where ( ~A, φ) is in an arbitrary gauge (you don’t have to write these).

(a) Express the components Ej and Bj of fields in terms of the potentials (A` and φ).

(b) Show that

d

dt
〈πj〉t = Q

(
Ej +

∑

`,n

εj`n
〈π`〉t Bn

mc

)
,

i.e., the Lorentz force where the kinetical momentum ~π obviously corresponds to
“mass times velocity”. (A similar expression can be obtained for nonuniform ~E

and ~B, but in this case, an appropriate symmetrization is necessary for obtaining
hermitian ~π × ~B product and the expectation value contains the fields as well.)

5. Show that

〈ψ|
(

~p− Q

c
~A

)
|ψ〉 = 〈ψ̃|

(
~p− Q

c
~̃A

)
|ψ̃〉 ,

i.e., kinetical momentum has same expectation values in different gauges.
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PHYS 507
Homework VI (Spring ’06)

Assigned: April 3, 2005, Monday.
Due: April 10, 2005, Monday, at 5:00 pm.

1. A spinless particle is in a state |ψ〉 with the following position-space wavefunction

ψ(~r ′) = 〈~r ′|ψ〉 = N exp

(
−(x′ − a)2 + (y′ − b)2 + z′2

4σ2
+ iky′

)
.

Here σ, k, a and b are some real numbers.

(a) By guessing or explicitly computing, find 〈~r〉 and 〈~p〉 in this state.

(b) Let R denote a rotation around z axis by 90 degrees. What are Rx̂, Rŷ and Rẑ?
So what is R~r ′ = R(x′x̂ + y′ŷ + z′ẑ)?

(c) What are R−1x̂, R−1ŷ and R−1ẑ? So what is R−1~r ′ = R−1(x′x̂ + y′ŷ + z′ẑ)?
What are the coordinates of R−1~r ′?

(d) Now, suppose that this particle is rotated around z-axis by 90 degrees and after
the rotation the state becomes |φ〉, i.e.,

|φ〉 = D(
π

2
ẑ) |ψ〉 .

What is the position-space wavefunction, φ(~r ′) = 〈~r ′|φ〉, of the rotated state?

(c) What are 〈~r〉new and 〈~p〉new in the rotated state? Show that they are related to
those found in part (a) by 〈~r〉new = 〈~r〉 and 〈~p〉new = 〈~p〉.

2. Let |j, m〉 denote the common eigenstates of J2 and Jz. Compute the following in this
state.

(a) 〈J2
x〉,

〈
J2

y

〉
.

(b) 〈JxJy〉. Is this complex or real? Can you find what 〈JyJx〉 is from this value? So,
what is 〈JxJy + JyJx〉?

(c) Let n̂ = cos φx̂ + sin φŷ be an arbitrary direction on xy-plane (i.e., an arbitrary

vector perpendicular to z axis). Let Jn = ~J ·n̂. What are 〈Jn〉 and 〈J2
n〉? Do these

values depend on φ? [In conclusion: All directions in xy-plane look isotropic for
the state |j, m〉.]

3. (a) Show that 〈[Jz, A]〉 = 0 for any operator A where expectation value is computed
in the state |j, m〉 mentioned in problem 2.

(b) By taking A to be one of Jx, Jy, J2
x , JxJy compute the following: 〈Jx〉, 〈Jy〉,

〈JxJy + JyJx〉,
〈
J2

x − J2
y

〉
. [Another method to show some key results in problem

2.]

1



4. Consider the spin states of a spin 1/2 particle. Let n̂ be an arbitrary direction given
by spherical angles θ and φ, i.e., n̂ = sin θ(cos φx̂+sin φŷ)+cos θẑ. We have computed
the |n̂, ↑〉 and |n̂, ↓〉, the eigenstates of Sn before. Here we are going to compute the
same states by a different procedure, by a rotation.

(a) Let m̂ = − sin φx̂ + cos φŷ be unit vector which is perpendicular to both ẑ and
n̂ [m̂ can be computed by evaluating the cross product ẑ× n̂ and normalizing it ].
Consider a rotation by θ around m̂. Convince yourself that this rotation will
carry ẑ to n̂.

(b) Compute D(θm̂), the rotation operator corresponding to that rotation. [We have
seen this in the past homeworks.]

(c) The idea is this: If ẑ rotates to n̂ by this rotation, then |ẑ, ↑〉 will rotate to |n̂, ↑〉
and similarly for the down states. Find |n̂, ↑〉 and |n̂, ↓〉 by using this idea.

5. Let ~J be the angular momentum for a particle and let ~L and ~S denote the orbital angu-
lar momentum and spin operators. Write down the result of the following commutators
without doing any calculations (but briefly describe the idea).

(a) [Jz, xLx + yLy + zLz],

(b) [Jx, pySz − pzSy],

(c) [Jy, ySz − zSy].

2



PHYS 507
Homework VII

Assigned: May 4, 2004, Tuesday.
Due: May 14, 2004, Friday, at 5:00 pm.

1. Starting from the angular momentum commutation relations, show the following two
alternative forms of the same relations

(a) For any two (classical) vectors ~a and ~b, [~a · ~J, ~b · ~J] = ih̄(~a× ~b) · ~J.

(b) ~J× ~J = ih̄~J .

2. Let the wavefunction of a particle be

ψ(~r′) = 〈~r′|ψ〉 = N exp
(−c1(x

′ − a)2 − c2y
′2 − c3z

′2) ,

i.e., a gaussian located at (x′, y′, z′) = (a, 0, 0). Write down the wavefunctions of the
following rotated states (note that we follow the ‘active’ point of view, we rotate the
particle itself, not the reference axes.)

(a) D(π
2
, z) |ψ〉 ,

(b) D(−π
2
, z) |ψ〉 ,

(c) D(π, x) |ψ〉 .

3. Consider the common eigenstate |j, m〉 of angular momentum operators J2 and Jz.
Calculate the following expectation values in this state.

(a) 〈Jx〉, 〈Jy〉 and 〈Jz〉. Summarize these results in concise form by expressing
〈
~J
〉
.

(b) 〈J2
x〉 and

〈
J2

y

〉
.

(c) Express JxJy+JyJx in terms of the ladder operators and then calculate 〈JxJy + JyJx〉.
(d) Let α be an arbitrary angle. Jm = Jx cos α + Jy sin α is the component of ~J along

the unit vector m̂ = x̂ cos α + ŷ sin α, which is in the xy plane. Calculate 〈Jm〉
and 〈J2

m〉. (Comparing this result with that of parts (a) and (b) tells you that no
direction is special on the xy plane when the state |jm〉 is concerned.)

(e) Let |n̂, j,m〉 denote the common eigenstate of J2 and Jn = ~J · n̂, where n̂ is an
arbitrary unit vector. In other words,

J2 |n̂, j, m〉 = j(j + 1)h̄2 |n̂, j, m〉 , Jn |n̂, j, m〉 = mh̄ |n̂, j, m〉 .

Based on the result you have obtained, can you write down
〈
~J
〉

without doing

any calculation?

1



4. For a spin 1/2 particle, the rotation operator for rotations around y-axis by an angle
θ is

D(θ, y) = exp

(
− i

2
θσy

)
.

(a) Calculate D(θ, y) explicitly.

Consider the ‘spin-up along z’ state of the particle which we represent by

ψ =

[
1
0

]
.

(b) Calculate D(π, y)ψ and verify that the result is the ‘spin-down along z’ state.

(c) Calculate D(π
2
, y)ψ and verify that the result is the ‘spin-up along x’ state.

(d) Calculate D(−π
2
, y)ψ and verify that the result is the ‘spin-down along x’ state.

(e) Let n̂ be the unit vector ẑ cos θ + x̂ sin θ. Calculate the ‘spin-up along n̂’ and
‘spin-down along n̂’ states using the ideas above.

5. We have said in the class that if ~V is an operator representing a vector property of a
physical system, then the following commutation relations have to be satisfied,

[Ji, Vj] =
∑

k

ih̄εijkVk ,

where ~J is the angular momentum operator for the system. These commutation re-
lations is sufficient to identify ~V as a “vector operator”. Show that if ~V and ~W are
two vector operators, then ~U = ~V× ~W is also a vector operator. (Keep in mind that

components of ~V and ~W may not commute.) [Hint:
∑

k εijkεmnk = δimδjn − δinδjm]

2



PHYS 507
Homework VII (Spring ’05)

Assigned: May 18, 2005, Wednesday.
Due: May 27, 2005, Friday, at 5:00 pm.

1. Suppose that three particles interact with each other through their spin degrees of
freedom only with the Hamiltonian

H = −A

h̄2

(
~S1 · ~S2 + ~S1 · ~S3 + ~S2 · ~S3

)

where A is a constant and ~Sk is the spin operator of the kth particle. Find all energy
levels and their degeneracies

(a) when all particles have spin 1/2,

(b) and when all particles have spin 1.

2. (a) For a single spin 1/2 particle calculate the rotation operator D(αx̂), i.e., operator
for rotations around x-axis by angle α (as a 2× 2 matrix for example).

(b) Calculate D(αx̂) |↑〉 and D(αx̂) |↓〉.
(c) Consider the spin singlet state formed by two spin 1/2 particles

|0, 0〉 =
1√
2

(|↑↓〉 − |↓↑〉) =
1√
2

(|↑〉1 |↓〉2 − |↓〉1 |↑〉2) .

If we want to rotate this state around x by α, then we should individually rotate
each particle independently, i.e., apply D1(αx̂)D2(αx̂) where Dk is the rotation
operator for the kth particle. Do this rotation on |0, 0〉 and show that it is left
invariant.

(d) Rotate |0, 0〉 around z-axis by α and show that the state does not change again.

3. A particle has the wavefunction

ψ(~r ′) = Nx′e−r/a .

Which values can we get and what are the probabilities of each if

(a) L2 is measured,

(b) Lx is measured,

(c) Lz is measured,

(d) Ly is measured?

(e) Do the answers to (c) and (d) differ? Why or why not?

1



4. Suppose that |n, j, m〉 is an orthonormal basis for the states of an arbitrary system
chosen as common eigenstates of J2 and Jz. Here n is another (set of) quantum
number(s) that might be needed (like the principal quantum number in Hydrogen

atom). We have said that an operator A transforms like a scalar if [ ~J, A] = 0. Here,
we are going to show that this implies

〈n′, j′,m′|A|n, j,m〉 = 0 if j 6= j′ or m 6= m′ .

(a) First start with m quantum number. Calculate the matrix element of [Jz, A] = 0
and show that 〈n′, j′,m′|A|n, j, m〉 = 0 if m 6= m′.

(b) The result above suggests that we should only look at the matrix elements with
equal m value, 〈n′, j′,m|A|n, j, m〉, for possible non-zero values. Next, we will
make use of the equation [J+, A] = 0 and [J−, A] = 0. Calculate the following
matrix elements

〈n′, j′, m + 1|[A, J+]|n, j,m〉 ,

〈n′, j′,m|[J−, A]|n, j, m + 1〉 .

Show that if j 6= j′ we get

〈n′, j′,m|A|n, j,m〉 = 〈n′, j′,m + 1|A|n, j, m + 1〉 = 0 .

(c) We have shown all we need to, but let us go one step ahead. We now know that we
have to look at matrix elements 〈n′, j, m|A|n, j, m〉 for possible non-zero values.
Calculate

〈n′, j, m + 1|[A, J+]|n, j, m〉 ,

and show that

〈n′, j, m|A|n, j, m〉 = 〈n′, j, m + 1|A|n, j, m + 1〉 ,

which implies that the value of the matrix element is independent of the m quan-
tum number.

The relations above can be summarized as follows: For any rotationally invariant
operator A (like r, p2 or ~r · ~p), there are numbers an′nj so that

〈n′, j′,m′|A|n, j, m〉 = an′nj δjj′δmm′ .

As a specific example, if the Hamiltonian H is rotationally invariant and |n, j, m〉 are
eigenstates of H then

〈n′, j′,m′|H|n, j, m〉 = Enjδn′nδjj′δmm′ .
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PHYS 507
Homework VII (Fall ’05)

Assigned: November 30, 2005, Wednesday.
Due: December 7, 2005, Wednesday, at 5:00 pm.

1. We have said in class that for any vector operator ~V , the commutation relations
[Ji, Vj] = ih̄

∑
k εijkVk are satisfied where ~J is the angular momentum. These rela-

tions basically say that
〈

~V
〉

transforms like vectors under rotations.

(a) Show that if ~V and ~U are vector operators then ~W = ~V × ~U is also a vector
operator. (Hint: These relations might be useful,

∑
k εijkεnmk = δinδjm − δimδjn

and VnUm − VmUn =
∑

ij(δinδjm − δimδjn)ViUj.)

(b) What is ~J × ~J?

2. Consider the state |j, m〉 which is a common eigenstate of J2 and Jz. Let n̂ = cos φx̂+
sin φŷ be a unit vector which is perpendicular to the z-axis, but otherwise arbitrary.
The component of angular momentum along n̂ is obviously Jn = n̂ · ~J . Compute the
following

(a) What is 〈Jn〉 and 〈J2
n〉? Do these values depend on the angle φ?

(b) Show that 〈JxJy + JyJx〉 = 0 using the angle independence of part (a) (Hint:Expand
J2

n and identify the terms you want to compute).

(c) What is
〈

~J
〉
?

(d) What is the uncertainty relation satisfied by the product ∆Jx∆Jy? Computing
these verify that the uncertainty inequality is satisfied in this special case.

3. Consider a particle with angular momentum ~J . Its spin is denoted by ~S and its orbital
angular momentum by ~L. Without calculating any commutators answer the following

(a) Which of the following operators commute with all three components of ~J?

(b) Which of them commute with Jz but not with Jx and Jy?

(c) What is [Jx, F ]? (don’t calculate!)

A = pxx + pyy + pzz , B = ~L · (~p× ~S) ,

C = LxSy − LySx , D = (~p× ~S) · (~r × ~L) ,

E = pxLy − pyLx , F = xLz − zLx .

4. Let ~V be a vector operator satisfying commutation relations given in problem (1). Let
V± = Vx ± iVy.

(a) What are [Jz, V±]?

1



(b) Compute D(αẑ)†V±D(αẑ). (Use the result of part (a) in here.)

(c) Compute D(αẑ)†VxD(αẑ).

(d) Compute D(αẑ) |j,m〉 where |j,m〉 is a common eigenket of J2 and Jz.

(e) Combining parts (c) and (d) and using special angles α show that

〈j, m|J2n+1
x |j, m〉 = 〈j, m|J2n+1

y |j,m〉 = 0 where n is an integer.

(f) Show that 〈j,m|f(Jn)|j, m〉 is independent of the angle φ where Jn = Jx cos φ +
Jy sin φ is a component of angular momentum on the xy-plane and f is an arbi-
trary function. (Remember the relation: A−1f(B)A = f(A−1BA) which we have
proved earlier in class.)

5. What are the eigenvalues of Sx + 2Sy − 2Sz, where ~S is the spin operator for a spin
1/2 particle?

2



PHYS 507
Homework VII (Spring ’06)

Assigned: April 19, 2005, Wednesday.
Due: April 26, 2005, Wednesday, at 5:00 pm.

1. Consider the spin singlet state of two spin 1/2 particles.

|0, 0〉 =
1√
2

(|↑↓〉 − |↓↑〉) .

(a) Verify, by explicitly calculating, that this state can also be written as

|0, 0〉 =
1√
2

(|n̂ ↑〉 ⊗ |n̂ ↓〉 − |n̂ ↓〉 ⊗ |n̂ ↑〉) ,

where n̂ is an arbitrary unit vector with spherical angles θ and φ, and |n̂ ↑〉 and
|n̂ ↓〉 are eigenstates of the component of individual spins along n̂, which have
been computed previously as

|n̂ ↑〉 = cos
θ

2
|↑〉+ eiφ sin

θ

2
|↓〉 ,

|n̂ ↓〉 = −e−iφ sin
θ

2
|↑〉+ cos

θ

2
|↓〉 .

[Note: This is basically the statement of rotational invariance of the state |0, 0〉.
For example, suppose that R is a rotation that changes ẑ to n̂. In that case we
have Dj(R) |↑〉 = |n̂ ↑〉 and Dj(R) |↓〉 = |n̂ ↓〉 (j = 1, 2) up to some overall phase
factors. On the other hand we should have D(R) |0, 0〉 = D1(R)⊗D2(R) |0, 0〉 =
|0, 0〉 because |0, 0〉 state has total spin 0. The conclusion stated above then follows.
But in here you will just verify this by explicitly computing the state. ]

(b) Is the state |0, 0〉 an eigenstate of S1nS2n? If so what is the eigenvalue? [Hint:
See part (a)].

(c) Suppose that two particles are prepared in the state |0, 0〉 and two successive
measurements are then taken. First S1n is measured and then S2n. In the first
measurement: What are the possible outcomes, what are the probabilities of each
and to which state does the collapse occur?

(d) What are the possible outcomes and their probabilities in the second measure-
ment, when the result of the first measurement is known (for each possible case)?

2. Consider the spin triplet states of two spin 1/2 particles. We have constructed these
as eigenstates of Sz in class and denoted them by |1,m〉 (m = −1, 0, 1) where m is the
quantum number associated with Sz. In this problem we are going to construct them
as eigenstates of Sn where n̂ is an arbitrary unit vector with spherical angles θ and φ.
Let us denote these states by |1,m〉n̂.

1



(a) Write down the states |1,m〉n̂ for m = −1, 0, 1. [No extensive calculations are
necessary in here. Just re-write the expressions for |1,m〉 by using the expressions
for |n̂ ↑〉 and |n̂ ↓〉 given in problem 1.]

(b) Express each |1,m〉n̂ state as a superposition of |1,m′〉 states.

Expressions obtained in part (b) is useful because they can be applied to any j = 1

representation of a general angular momentum ~J (for example, the p states represented
by spherical harmonics Y m

1 ). Basically, we have obtained in here the eigenstates of Jn

expressed in terms of the eigenstates of Jz for the case J2 = j(j + 1)h̄2 = 2h̄2.

(c) Consider the state |1, 1〉n̂. When Jz is measured in this state, which values can
be obtained and what are the probabilities of each? Then, compute what 〈Jz〉 is.

3.

(a) Two particles with spin 1/2 are interacting with a spin-dependent Hamiltonian H1 =

−K~S1 · ~S2, where ~Sk is the spin operator for particle k (k = 1, 2). What are the
eigenvalues of H1 and what are the degeneracies of each level?

(b) Three particles with spin 1/2 are interacting with a spin-dependent Hamiltonian H2 =

−K(~S1 · ~S2 + ~S2 · ~S3 + ~S3 · ~S1), where ~Sk is the spin operator for particle k (k =
1, 2, 3). What are the eigenvalues of H2 and what are the degeneracies of each level?
[Remember: There is a total of 8 states in here.]

4. Suppose that an electron is in the state |ψ〉 = Y 1
1 |↓〉 where we have ignored the radial

part of the wavefunction. Let ~J = ~L + ~S be the total angular momentum operator.

(a) When Jz is measured in |ψ〉, which values can be obtained and what are the
probabilities of each?

(b) When J2 is measured in |ψ〉, which values can be obtained and what are the
probabilities of each?

5. Consider the addition of angular momentum problem ~J = ~J1 + ~J2 where j1 = 3 and
j2 = 1. Let |j, m〉c be the common eigenstates of J2 and Jz and |m1,m2〉 be the
common eigenstates of J1z and J2z.

(a) Express the states |4, 4〉c and |4, 3〉c in terms of the uncoupled states.

(b) Express the state |3, 3〉c in terms of the uncoupled states (i) by using the orthog-
onality argument and (ii) by solving J+ |3, 3〉c = 0.

(c) Express |3, 0〉 and |2, 1〉 in terms of the coupled states.

2



PHYS 507
Homework VIII

Assigned: May 18, 2004, Tuesday.
Due: May 25, 2004, Tuesday, at 5:00 pm (Note the 2nd midterm on 28th).

1. Let Xm
` = Xm

` (θ, φ) denote the common eigenstates of L2 and Lx corresponding to the
eigenvalues `(` + 1)h̄2 and mh̄ respectively. Somebody has found X1

1 as

X1
1 =

1

2
Y 1

1 +
1√
2
Y 0

1 +
1

2
Y −1

1 .

(a) By rotating this state around z axis by 180 degrees find X−1
1 .

(b) Using orthonormality (tied to the fact that Lx is hermitian) find X0
1 .

2. Suppose that three spin 1 particles interact with each other through their spin degrees
of freedom only. The interaction is described by the Hamiltonian

H = −A

h̄2

(
~S1 · ~S2 + ~S1 · ~S3 + ~S2 · ~S3

)

where A is a constant and ~Sk is the spin operator of the kth particle. Find all energy
levels and their degeneracies for this system (do not try to express the states). [Note
that the total number of states should add up to 3× 3× 3 = 27.]

3. Consider the spin singlet state of two spin 1/2 particles

|0, 0〉 =
1√
2

(|↑↓〉 − |↓↑〉) =
1√
2

(|↑〉1 |↓〉2 − |↓〉1 |↑〉2) .

(a) What is
〈
~S1 · ~S2

〉
in this state?

(b) Suppose that when the whole two particle system is in this state, you rotate the
first particle around z axis by 180 degrees. (In other words you apply the rotation
operator for the first particle only: exp

(− i
h̄
πS1z

)
.) Which state do you get after

the rotation? (Call it |ψ〉).
(c) What is

〈
~S1 · ~S2

〉
in state |ψ〉?

4. Calculate the commutator [J1z, J
2] where ~J = ~J1 + ~J2.

5. An electron in a Hydrogen atom is in an angular-spin state expressed by

Y −`
` (θ, φ) |↑〉 .

Let ~J = ~L + ~S denote the total angular momentum.

(a) Which values can be obtained when Jz is measured and what is the probability
of obtaining each?

(b) Which values can be obtained when J2 is measured and what is the probability
of obtaining each?

(c) Calculate 〈Jz〉 and 〈J2〉 in this state.



PHYS 507
Homework VIII (Fall ’05)

Assigned: December 14, 2005, Wednesday.
Due: December 21, 2005, Wednesday, at 5:00 pm.

1. Let ~J = ~J1 + ~J2 be the total angular momentum of two independent systems. Suppose
the quantum numbers for J2

1 and J2
2 are j1 and j2 respectively and we consider the

states for which J2 is quantized with quantum number j. In this case all of these three
vectors ~J1, ~J2 and ~J have known magnitudes but has uncertain orientations. Despite
the uncertainty in orientation, these three vectors form a triangle and we can talk
about definite values of the angles in this triangle. Physically, we tend to interpret the
maximum j value (j = j1 + j2) as corresponding to states where the vectors ~J1 and
~J2 are more or less parallel to each other. Similarly, minimum j value (j = |j1 − j2|)
corresponds to states where these vectors are more or less anti-parallel to each other.

(a) Consider the particular case j1 = 2 and j2 = 1. Compute the angle between ~J1

and ~J2 for each possible value of j.

(b) Next consider the case j1, j2 À 1 (this is basically the classical limit). Compute

the approximate angle between ~J1 and ~J2 for j = j1 + j2 and j = j1 − j2.

2. Consider the spin-singlet state

|0, 0〉 =
1√
2

(|↑↓〉 − |↓↑〉)

for two spin 1/2 particles. Let n̂ = sin θ(cos φx̂ + sin φŷ) + cos θẑ be an arbitrary unit
vector.

(a) First express S1n = ~S1 · n̂ in terms of S1z and S1± (so that the solution of next
problem will be simpler).

(b) Compute S1nS2n |0, 0〉. Is |0, 0〉 an eigenket of S1nS2n? If so what is the eigenvalue?
Based on this what can you say about the simultaneous measurement of S1n

and S2n in that state? (Idea: Remember that |0, 0〉 is a rotationally invariant
state. For this reason, the results and the interpretation that you get in here is
independent of n̂. In this problem, you verify this independence.)

3. Let ~J = ~L + ~S be the total angular momentum for an electron with orbital angular
momentum quantum number `. Let j denote the quantum number for J2.

(a) First observe that eigenstates of J2 are also the eigenstates of ~L · ~S. What are

the eigenvalues of ~L · ~S for each j value?

(b) Let the common eigenstates of J2 and Jz be
∣∣∣∣j, mj = m +

1

2

〉

c

= AY m
` |↑〉+ BY m+1

` |↓〉 .

1



By solving the eigenvalue problem for ~L · ~S, compute the amplitudes A and B for
each j value.

4. (Application of the standard method). Let ~J = ~J1 + ~J2 be the total angular momen-
tum for two subsystems and let j1 = 3 and j2 = 1. Let |j, m〉c denote the common
eigenstates of J2 and Jz and |m1,m2〉 denote the common eigenstates of J1z and J2z.
(Remember that both types of kets are also eigenstates of J2

1 and J2
2 but their quantum

numbers are not shown in the notation.)

(a) Express |4, 4〉c, |4, 3〉c and |3, 3〉c in terms of the uncoupled states |m1,m2〉.
(b) Express |3, 0〉 and |2, 1〉 in terms of the coupled states |j, m〉c.
(c) If J2 is measured in the state |3, 0〉, which values can be obtained and what are

the probabilities of obtaining each?
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